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Abstract

We develop a novel analytical method for studying optimal paths in dynamic optimization problems
under general monotonicity conditions. The method centers on a locator function—a simple object con-
structed directly from the model’s primitives—whose roots identify interior steady states and whose
slope determines their local stability. Under strict concavity of the payoff function, the locator func-
tion also characterizes basins of attraction, yielding a complete description of qualitative dynamics.
Without concavity, it can still deliver sharp results: if the function is single crossing from above, its
root identifies a globally stable steady state; if the locator function is inverted-U-shaped with two inte-
rior roots (a typical case), only the higher root can be a locally stable interior steady state. The locator
function further enables comparative statics of steady states with respect to parameters through direct
analysis of its derivatives. These results are obtained without solving the full dynamic program. We
illustrate the approach using a generalized neoclassical growth model, a rational (un)fitness model,

and a learning-by-doing economy.
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1 Introduction

Dynamic optimization problems are central to many areas of economic analysis, from growth and con-
sumption to investment and environmental policy. In many such settings, the goal is not to compute
the full optimal path—that is, the sequence of state and control variables over time that solves the dy-
namic optimization problem—but rather to understand its qualitative features—such as the location and
stability of steady states, and the direction in which the system evolves from a given initial condition.
Standard methods based on dynamic programming characterize optimal behavior via the Bellman equa-
tion, but solving this equation typically requires numerical methods and yields limited insight into these
qualitative dynamics, especially in the presence of multiple steady states. In this paper, we develop an
analytical approach for characterizing optimal paths in a class of dynamic optimization problems satis-
fying a set of monotonicity conditions. Our method relies on direct analysis of the model’s primitives
and provides sharp results on the set of steady states, their local stability, and the global behavior of the
system.

The key innovation in our analysis is the introduction of the locator function, defined as
L(s) = ma(s,s) +mi(s,s),

which is a simple scalar function of the state s constructed from the primitives of the model: the per-
period payoff, 7, and the discount factor 5.1 As shown in our main theorem, the roots of this function
identify the interior steady states, and their local stability is determined by the sign of the derivative at
those points: a negative derivative indicates local stability, while a positive derivative implies instability.

Building on this result, we show that the locator function provides easy-to-verify sufficient conditions
for the existence and the location of a globally stable steady state. In particular, if the locator function
is single crossing from above—i.e., it has a unique root and is positive to the left and negative to the
right—then any optimal path converges globally to that root from any interior initial condition. This
allows applied researchers to verify global stability using only properties of the payoff function and its
partial derivatives, without solving the whole dynamic programming problem.

We also consider what is arguably the typical non-convex case: a locator function that is inverted
U-shaped with two interior roots. In this setting, we show that the only possible locally stable steady
state in the interior of the state space is the highest root. Moreover, we show that this is indeed the case

if the payoff function is strictly concave in its second argument and the myopic policy function—which

171, denotes the partial derivative with respect to the I-th arguments.



is trivial to characterize analytically—has an interior steady state.

If the payoff function is strictly concave — the standard textbook assumption (e.g., Stokey et al.
(1989)) — then, under a mild condition on the payoff function, the locator function not only identifies
the interior steady states but also fully characterizes their basins of attraction. That is, we obtain a com-
plete description of the qualitative dynamics: for any initial condition, we can determine the direction
of motion and the limiting behavior of the optimal path. This result should be compared with the stan-
dard local approach, which relies on linearizing the system around a steady state and assessing stability
through the eigenvalues of the Jacobian. That method typically establishes only the existence of basins
of attraction, without characterizing them.

Finally, we demonstrate that the locator function provides a tractable tool for conducting comparative
statics with respect to payoff parameters in stable interior steady states. Focusing on stable steady states
is natural, since these are the only long-run outcomes attained by optimal paths, whereas unstable steady
states cannot be reached except from trivial initial conditions (the steady state itself).

Our approach relies on two key monotonicity conditions imposed on the payoff function. First, we
assume that 77 is increasing in the current state, so that higher values of the state are beneficial. Second,
we assume that the current and future states are complementary in the sense that the marginal payoff
from a higher future state increases with the level of the current state—that is, 7, (s, s’) is increasing in s.
Importantly, in contrast to the textbook analysis, our approach does not rely on assuming strict concavity
of the payoff function.

We illustrate our approach with one example and two applications, each allowing for multiple steady
states. This permits cases where, for instance, a low initial value of the state variable makes it optimal
to converge to a steady state associated with a lower payoff. The example is the neoclassical growth
model with a production function that may feature non-convexities—as in Skiba (1978)—and is further
extended to allow for kinks. For the case of a smooth convex-concave production function, the optimal
path for capital was fully characterized by Dechert and Nishimura (2012), but their analysis relies on
mathematical tools that may not easily extend to other settings. We show how our more general and
simpler approach reproduces the key results more directly.

Our first application draws on the rational addiction framework of Becker and Murphy (1988), adapt-
ing it to health and exercise. Agents decide whether and how much to exercise, accounting for its impact
on fitness and, in turn, on future utility. A key feature is the endorphins effect: a direct utility gain from
exercising that increases with current fitness. When sufficiently strong, this effect violates strict concav-
ity, showing that the assumption is not merely technical but rules out economically relevant behaviors.

In particular, it makes 715 (s, s’) increasing in s, creating the possibility of multiple steady states—from a



low-fitness “couch potato” state to a high-fitness active state. This is consistent with evidence in Char-
ness and Gneezy (2009) that short-term interventions can trigger lasting behavioral change.

Our second application connects to a large literature studying how learning-by-doing externalities
can give rise to multiple steady states and inefficient specialization in market economies absent indus-
trial policies (see Krugman (1987), Lucas Jr (1988), and Young (1991)). Instead of considering market
outcomes, we take a step back and analyze the problem from the perspective of a benevolent social plan-
ner, as in Bardhan (1971) and Melitz (2005). Using the locator function, we derive a simple condition
for the existence of a globally stable interior steady state: the locator function must be single crossing
from above. When this condition fails, either the lowest possible state is globally stable, or there may
be multiple steady states, with only the highest interior root of the locator function potentially locally
stable.

The remainder of the paper proceeds as follows. Section 2 presents the general setup and assump-
tions. Section 3 introduces the locator function, presents our main result, and illustrates its usefulness
by applying it to the convex-concave neoclassical growth model. Section 4 provides refinements of this
result under further assumptions. Section 5 presents our two applications, namely a model of rational
(un)fitness and a model of learning by doing. Section 6 discusses the relationship between our approach

and existing methods in the literature. Section 7 briefly concludes.

2 Environment

In this section we define the planner’s problem. The planner chooses a sequence of the aggregate state,
(st)$2,, given an initial value, sy, to maximize Y ;> 8'7(s, s111) subject to s;11 € Y(s;), where 6 € [0,1)
is the discount factor, 77 : 5> — R is the per-period payoff, and Y : § = R is the constraint correspon-
dence. The state space S is assumed to be a bounded, convex subset of R.2

This problem can be cast recursively with the Bellman equation,

V(s,6) = max 7t(s,s") + V(s 6),
s'€Y(s)

where V : 5§ x [0,1) — R is the value function. The optimal policy correspondence is denoted by

2In Appendix OA.1 we extend the framework to allow for unbounded state spaces. Under standard "growth conditions"
on the per-period payoff the results in the paper go through.



I'(-,0):S =Ry and is given by

s T(s,06) := argslrg{aé) (s, s") + 8V (s, 6).

We now introduce some technical definitions and list the assumptions used throughout the paper.
For any set S, S° denotes its interior. We say a function x — f(x,y) is uniformly right differentiable at

(x,y) if, for any sequence (y,), converging to y and any positive sequence (A, ), converging to zero,

lim |f 3B yn) = fxyn)  fx+Buy) = foy)| o
n—o0 Ay Ay

o] f(x,y) == lim fx+Dny) = f(x,y)

n—00 Ay

exists and is continuous (x,y).

It is uniformly left differentiable at (x, y) if the same holds but with (A, ), being negative and is denoted
as 0y f(x,y). We say x — f(x,y) is uniformly smooth almost everywhere (a.e.) if it is (uniformly) right
and left differentiable at every point and these derivatives coincide except possibly in a finite set. We say
a function x — f(x,y) is smooth if it is right and left differentiable at every point and these derivatives
coincide everywhere.

For the per-period payoff we make the following assumption:

Assumption 1. 7t is continuous and (i) s — 71(s,s’) is increasing, uniformly smooth a.e. with 8;“71 > 0y m; (ii)
s+ 71(s,s") is smooth with derivative denoted as 1o; (iii) s — 15(s,s') and s' — 95 71(s,s"), s’ — 9y 7t(s,s’)

are increasing.

Part (i) states that the per-period payoff is increasing in the current state, and allows for a finite
number of "kinks" in the first derivative. However, the right and left partial derivatives of the per-period
payoff function w.r.t. the first argument are restricted to ensure monotonicity and differentiability of
the value function, which in turn will ensure that the optimal solution satisfies the FOC. The "uniform"
aspect is technical and used to prove differentiability of the value functions in the absence of concavity. It
essentially strengthens the assumption of differentiability in one variable to hold uniformly with respect
to the other variables. Part (ii) is standard. Part (iii) ensures that there is complementarity between the
current and next period’s states, in the sense that the marginal return of next period’s state is increasing
in the current state. If 7t is smooth, then this condition translates to 711, > 0.

Parts (i) and (iii) are both critical assumptions of our framework, and can be seen as "replacements"”
of the standard strict concavity of 71 — while not innocuous, they still encompass many applications

of interest. We refer the reader to Section 6 for a more thorough discussion, including ways in which



Assumption 1(iii) may be relaxed.

We impose the following restrictions on the constraint correspondence:

Assumption 2. (i) s — Y(s) is continuous, convex-/compact-valued, with non-empty interior over S°; (ii)

s — Y(s) is non-decreasing in the inclusion sense; (iii) s — Y (s) is non-decreasing in the strong set order sense.>

Part (i) is standard. Part (ii) is used solely for establishing monotonicity of the value function. While
standard (cf Stokey et al. (1989) Assumption 4.6) it could be too strong for some applications (e.g., the
NCG model and application 5.1 below). In view of this, Appendix OA.2.2 provides two alternative ap-
proaches for establishing monotonicity of the value function that dispense with this assumption. One
uses essentially the same insights as the standard approach but with a weaker assumption. The other
approach relies on a completely different approach that hinges on a generalized version of the mean
value theorem for a.e. smooth functions — to our knowledge, this approach is novel and might be of in-
dependent interest. Part (iii) is used to invoke the celebrated Milgrom-Shannon Theorem (Milgrom and
Shannon (1994)), which is in turn used to establish monotonicity of the optimal policy correspondence.

We now illustrate our assumptions in a generalization of the Neo-Classical Growth (NCG) model.

Example generalized NCG model. Following the seminal paper by Skiba (1978), several papers have
extended the classical Ramsey-Cass-Koopmans one-sector growth model to allow for non-concave pro-
duction function, f. A typical result in these papers is that there are multiple steady state capital levels.

A strand of this literature considers a case where the production function is smooth but non-concave
(e.g., Majumdar and Mitra (1982); Kamihigashi and Roy (2007); Dechert and Nishimura (2012) and refer-
ences therein). Formally, there exists a level of capital s; such thats — f’(s) is increasing atany s < s; and
decreasing at any s > sj. A different strand of the literature considers a more extreme failure of concavity
wherein the production function exhibits kinks (see Kamihigashi and Roy (2007)). Formally, there exists
a sy such that f is increasing, and piece-wise concave with s; being the "kink", i.e., 0~ f(s;) < o™ f(sy).

All these cases are encompassed by our framework, with the constraint correspondence given by
s — Y(s) := [0, f(s)] and the payoff function given by (s,s’) — 7(s,s’) := u(f(s) —s’), where u is
smooth, increasing and concave. The production function is increasing and smooth almost everywhere.
There exists a kink, s;, such that f” can either change signs (from positive to negative), or 9~ f(s;) <
97" f(s;) — the standard case where f is everywhere smooth and concave, is obviously also allowed. In
principle the state space could be all of R, but given the features of the model it is essentially without
loss of generality to assume S = [0,35] for some 5 > S5, Where Syqy is the level of capital for which
f(Smax) = Smax, f'(Smax) <1,and f(s) < s foralls > syy.

3That is, take any Y € Y(s) and any Y’ € Y(s’) with s’ > s, then min{Y, Y’} € Y(s) and max{Y, Y’} € Y(s').




We now verify our assumptions. Observe that 9, 7t(s,s’) = u/(f(s) — s')0] f(s) and 9] 7t(s,s") =
u'(f(s) —s')oy f(s), which satisfy 0; 7 < 9] was u’ > 0and 0~ f < 9" f. Moreover, it is easy to see that
differentiability of 7t holds in the uniform sense. Finally, s — 7m(s,s’) = —u/(f(s) —s’) is increasing
because f is increasing and —u' is too (u” < 0 by concavity). So, Assumption 1 holds.

We conclude this example with technical remark about this literature. Dechert and Nishimura (2012)
only consider a feasible correspondence of the form s — Y(s) := [0, f(s)], which implies either full de-
preciation or allows for negative investment.* In either case, this assumption rules out cases of interest.
Thus, it is fruitful to consider the case s — Y(s) := [(1 —d)s, f(s) + (1 — d)s] which reflects an explicit
depreciation rate and imposes that investment be non-negative. The technical issue with this formu-
lation is that Assumption 2(ii) is not met. The only usage of this assumption, however, is to establish
monotonicity of the value function, so in order to apply our result it is sufficient to establish monotonic-
ity by other methods. As it turns out, the condition in Lemma OA.2.3 in Appendix OA.2.2 is met (see the
Remark below the lemma) and the value function can be shown to be increasing. Therefore, our theory

could also be applied to the case s — Y(s) := [(1 —d)s, f(s) + (1 — d)s].

3 Analytical Results

This section presents the main analytical results of the paper. Subsection 3.1 establishes basic properties
of the value function and the optimal correspondence, including a differentiability result for the value
function that extends existing results in the literature and may be of independent interest. Section 3.2

then presents the main results on the analytical characterization of the steady state and the dynamics.

3.1 Properties of the Value Function and Optimal Correspondence

Our analysis of the planner’s dynamic problem relies on establishing monotonicity and differentiability
properties of the value function and the optimal policy correspondence. We establish these results in
this subsection. However, due to the potential non-concavity and non-smoothness of 77, standard “text-
book” arguments do not apply, and alternative technical approaches are required. We refer the reader to
Appendices OA.2 and OA.3 for details.

Lemma 3.1. The value function V is continuous, bounded, and increasing as a function of s.

“Investment can attain negative values if we adjust the production function so that output includes undepreciated capital -
i.e, if f is the production function and d is depreciation then we proceed as if the production function is f(s) = f(s) + (1 —d)s

and we proceed as if there were no depreciation. In this case, if consumption exceeds f(s) thens’ = f(s) —c = f(s) + (1 —
d)s —c < (1 —d)s. Combined with s’ =i+ (1 —d)s, we havei < 0.



Proof. See Appendix A.1. O

Lemma 3.2. The optimal policy correspondence I is non-empty, compact-valued, UHC, function-like, and non-
decreasing in the sense that maxI'(s,6) < minI'(s/,d) for any s < s’ and maxTI'(s,d) < minI'(s,d’) for any
6<62

Proof. See Appendix A.1. O

5:1 S:o
Figure 1: Topological properties of I'(s, ), with 6; > &

Figure 1 illustrates a typical case in which the policy correspondence is not a function, along with
its monotonicity properties in s and J. The failure of the policy to be a function arises solely due to the
presence of Skiba points—at sy for Jp and at s; for §;. Away from these points, the policy correspondence
is increasing and single-valued. At the Skiba points, however, there are two optimal choices for the next-
period state, resulting in a correspondence rather than a function. As the discount factor increases, the
Skiba points shift to the left, and the values of the policy correspondence move upward relative to those
under the lower discount rate.

Even though there are no restrictions on concavity and s — 7t(s, s’) is not continuously differentiable,
the value function still inherits the smoothness properties of 7r. As the next proposition shows, the left

and right derivatives exist and can be characterized in terms of those of 7.

Proposition 3.1. s — V(s, ) has left and right derivatives, which are

9 V(s,6) = yg%?s);) of (s, y) and 97 V(s,6) = yg_lgl&) o, 7(s,y)

5A correspondence is function-like if its graph has an empty interior.
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forany s € S such that T'(s,6) C Y°(s).
Proof. See Appendix A.1. O

This result and the fact that 9 7 > 97 7 imply that V' is everywhere smooth (i.e., continuously differ-

entiable) over Rangel'.”

Corollary 3.1. Forany s € Range(T NY?), I'(s,0) is a singleton and
07 V(s,8) =97 V(s,6) =0 m(s,T(s,6)) =0, 7(s,T(s,6)) =: mi(s,s) Vs’ € I(s,9)

Proof. See Appendix A.1. O

This corollary generalizes Theorem 2 by Cotter and Park (2006) (see also Clausen and Strub (2016))
to the case where the per-period payoff is only a.e. differentiable. Indeed, a perhaps surprising feature
of this result is that even though 7t is only a.e. smooth, the value function is everywhere smooth "along the
optimal path" (i.e., for any s € Rangel'). That is, the value function features stronger smoothness than
the primitive pay-off. This follows from two key facts: first, the optimality of the value function, and

second, the monotonicity assumption 1(i).

Application to the generalized NCG model. An application of Corollary 3.1 shows that the differences
in the optimal paths between the generalized NCG model presented in Section 2 and its "textbook"
version are due to non-concavity of the production function, not to the kinks per-se — i.e., kinks do
not yield new features above and beyond those offered by the non-concavities. To show this, note that

Corollary 3.1 states that optimal paths satisfy:®

”,(f(st) —5p41) — 5f/(5t+1>”/(f(5t+1) —St42) =0.

This expression is the same regardless of whether 7t has kinks (as in Kamihigashi and Roy (2007)) or is

smooth but non-concave (as in Nishimura et al. (2004)).

3.2 Analytical Results for Optimal Paths

This section introduces our new approach for analyzing the steady states and dynamics of the planner’s

problem. The core of the method is the locator function — a simple object constructed directly from the

®For the boundary of S only one of the two derivatives are defined.
7For any correspondence, F, RangeF := {y: 3s € S, s.t. F(s) 3 y}.
80ptimal paths are formally defined below, but essentially are (s;); such that s;, 1 € T(s¢, ).



model’s primitives whose roots identify interior steady states and whose slope determines their local
stability. By focusing on this function, we reduce the study of dynamic behavior to the analysis of a

tractable, easily computable scalar object.

Optimal paths and their steady states. We first formally define some concepts. An optimal path with
initial condition sy € S is a mapping ¢(.,so) : INg — S such that

P(t,s0) € T(p(t —1,50),6), YVt > 1,

and ¢(0,s0) = so. Let ®(s¢) be the class of all optimal paths with initial condition s.
A first step in our analysis is to characterize the limit points of optimal paths. An obvious candidate

for characterizing such behavior is the set of fixed points of I'(-, ),
RIT):={s €5:T(s,8) =0}, wheres — I'(s,6) =:T(s,d) —s,

but in principle there could be other, more complex, candidates such as cycles. The next proposition
confirms this is not the case and that fixed points fully describe the asymptotic behavior of optimal

paths.
Proposition 3.2. For any sy € S and any ¢(.,s0) € P(so), lims—e ¢(£,50) € R[T].

Proof. See Appendix A.2. O

This proposition shows that for any initial condition the limit of the path is well-defined and is a fixed
point. However, this limit may not be unique. That is, for a given initial condition, there might be more
than one optimal path, and thus more than one limit. This occurs if (and only if) the initial condition, sg, is
a so-called Skiba point, wherein I'(sg, ) = {7:(s0), y1(s0) } such that v;(sp) < so < ¥u(s0), as illustrated
in Figure 1. The generalized NCG model with a convex-concave production function can exhibit a Skiba
point for certain parameter values, as shown in Figure 5(c). Our rational (un)fitness model can likewise
exhibit a Skiba point, as shown in Figure 6(b).

In light of Proposition 3.2 we henceforth refer to the fixed points of I'(-, §) as a steady state. Throughout
the analysis we focus on steady states that are generic. Intuitively, non-generic steady states are those that
would vanish under small perturbations of I' — in particular of the discount factor. Geometrically, this
genericity restriction rules out steady states for which I' is tangent to but does not cross the 45° line, or

for which I', when perturbed, develops a discontinuity.’

9Formally, a steady state s is generic at J if there exists an open neighborhood around & and a mapping g over it such that



While every steady state is a fixed point of I'(-, ), this set may be too broad to characterize asymptotic
behavior: not all fixed points can be reachable, in the sense that they arise as limits of optimal paths that
do not start at the fixed point itself. Thus, to sharpen our analysis of steady states, we therefore introduce

notions of stability and instability.

Stability of steady states. We say that a steady state e € RIT] is stable if there exists a non-empty
open interval containing it such that, for any sy in the interval and any optimal path ¢(-,s9) € P(so),
lim;_,0 p(t,50) = e.}? The largest such interval is denoted as B(e, §) and will be referred to as the basin
of attraction of e. We say e is unstable if no such open interval exists — or, with a slight abuse of notation,
B(e, o) = {e}.

A direct approach to study stability of steady states would be to study the mapping s — I'(s,d) :=
I'(s,0) — s and analyze its zeros—where it crosses zero from above, the steady state is stable; where it
crosses from below, it is unstable. This is illustrated in Figure 2 and formally proven in Proposition
OA.3.1 in the Onlinea Appendix OA.3.3. At this level of generality, however, this result by itself is of

limited utility as I is not a primitive but rather an outcome of a dynamic programming problem.

s/ ,

u S

B(s,0)

Figure 2: Basin of attraction of stable steady state s. The basin of attraction of the unstable one, u, only
contains u itself.

g(6) = s and for any ¢’ in the neighborhood, (¢’) is a steady state at &’. In other words, genericity implies the existence of a
local branch through s at 6 without bifurcations. This assumption is tightly related to the standard assumption of regularity
in general equilibrium theory and Game theory Debreu (1970); Dechert and Nishimura (2012) Ch. 17, and hyperbolicity in
dynamical systems. To see where this genericity restriction is used, we refer the reader to the proof of Lemma 3.4 below.

19T principle, focusing on intervals might restrict the notion of basin of attraction since the latter could be, say, a union of
intervals. In our framework, thanks to the monotonicity properties of I, this turns out not to be the case: the basin of attraction
will indeed be an interval.

10



The locator function. We propose an alternative approach that relies on a simple function to locate
the steady states and provide information about their stability or instability. The proposed function,

L(-,0):5° — Rforany J € [0,1), is dubbed the locator function and is given by
(s,8) — L(s,0) := ma(s,s) + 0 (s,s), ae. (1)

The almost everywhere (a.e.) is needed because 711 may only be defined a.e.. However, £ will only be

used in neighborhoods of fixed points, for which —by Corollary 3.1 — 71 is well-defined. The usefulness

of the locator function lies on locating steady states and classifying whether they are stable or unstable.
To understand why the locator function may be useful in locating steady states, note that any interior

optimal path, ¢(-,s0) € ®(sp), must satisfy the first-order condition (i.e, Euler equation),

7'(2(4)(1’ -1, SQ),¢(t,So)) + (57T1(§b(t,50),q7(t + 1,50)) =0 Vt>1. (2)

Taking limits, it is then clear that interior steady states must be roots of the locator function.!! The per-
haps surprising result is that the locator function also contains information about the stability properties
of the steady state, as we shown below in our main theorem.

To proceed, we impose the following technical condition:
Assumption 3. All roots of s — L(s,8) are well-separated and reqular.'?

Regularity is a necessary condition for applying the Implicit Function Theorem below which is key
for the proof of the theorem. It is a generic property in the sense that if a root fails to be regular for some
value of §, then small perturbations of § will eliminate that root. The assumption of well-separated roots
serves mainly to rule out pathological cases in which the locator function exhibits infinitely frequent
oscillations. Lemma OA 4.1 in Appendix OA.4 provides sufficient conditions, based on the derivatives

of the locator function, for this to hold.

Main result. The following theorem shows that the locator function can be used not only to identify
interior steady states, but also to assess their local stability by examining the sign of its derivative at
interior roots: a negative derivative implies stability, while a positive one implies instability. Henceforth,

a steady state is interior if it belongs to R°[T] := {s € R[[]: s € Y°(s) }.13

UThe validity of expression 2 follows because, by definition, ¢5(t,s9) € T'(¢s(t —1,50),6) and is interior. So, all the assump-
tions of Proposition 3.1 and Corollary 3.1 are met.

12 A root, r, is said to be regular if £1(r,6) # 0; it is well-separated if there exists a ¢ > 0 such that |r — /| > ¢ for any roots
rr

13R0[£] is defined analogously.
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Theorem 1. For any interior steady state s, the following are true:
1. s € R°[L].
2. If £1(s,6) < 0, then s is stable.
3. If L1(s,0) > 0, then s is unstable.

By providing a link between the (local) monotonicity of the locator function and the stability or
instability of steady states, Theorem 1 offers a simple way of identifying the limit points of the planner’s
dynamics: for stable fixed points the locator function cuts zero "from above." Importantly, unlike T’,
which is the solution of a dynamic programming problem, the locator function depends on primitives
and is relatively easy to compute and study.

The theorem does not establish an equivalence between steady states and roots of the locator func-
tion: while every interior steady state is a root of the locator function, the converse does not hold. This is
not surprising, as it reflects the fact that first-order conditions are not sufficient in the absence of concav-
ity. This raises a natural question: under what conditions on 7t does the locator function avoid generating
"false positives"? We explore this question further in Section 4.

What may be more surprising, however, is that the result—that interior steady states are roots of the
locator function—continues to hold even when the function s — 71(s, s’) is not differentiable everywhere.
The reason is that the first-order condition (2) is identical to the one that would arise if s — 7t(s,s’) were
smooth. Under our assumptions—particularly the monotonicity conditions in Assumption 1—these

potential "kinks" in 7t do not affect the characterization of optimal paths.

Application to the generalized NCG model. We now return to the generalized NCG model to illus-
trate the usefulness of Theorem 1 and the locator function. The dynamics of this economy were previ-
ously analyzed in Majumdar and Mitra (1982) and Dechert and Nishimura (2012).™* Our analysis offers
an alternative and complementary perspective, showing in passing how the locator function helps ex-
plain the different cases presented in Dechert and Nishimura (2012).

For expositional purposes, we assume that f is smooth and that f” changes signs at only one point,
s1; if more points like s; exist we simply repeat the analysis in each interval.

The locator function is given by

L(s,0) = u'(f(s) —s)(of'(s) — 1),

4These previous papers did not allow for a kink in the production function but their results extend directly to such settings
via Corollary 3.1
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Sf(s) 1 5'(s) ~ 1 (5f'(s) — 1

0 S‘I Smax
0 S‘[ s 0 /s’* 5‘1 s
(1) One (stable) root. (2) Two (unstable and stable) roots. (3) No roots.
Figure 3: u,é((sf’)‘szs) in generalized NCG model
and S := [0, Syax), Where syqy is such that L£(syax, 6) < 0. Since u’ > 0, the only interior roots are those

of function s — 6f’(s) — 1. Since s — f’(s) is increasing in [0, s;) and decreasing in (sy, Syax], there are at
most two interior roots of s — L(s,d), which we denote as s, < s*.

There are three cases: (1) 5f'(0) —1 > 0, which is dubbed as mild discounting by Dechert and
Nishimura (2012); (2) 6f'(0) =1 < 0 < df'(s;) —1;and (3) 6f'(sy) < 1.

It is easy to see by Figure 3(3) that in the last case there are no roots of the locator function. Conse-
quently, by Theorem 1, there are no interior steady states and the only steady state is s = 0, which is
globally stable.’® In the other two cases, the locator function has either a single interior root, s*, as in
Figure 3(1), or two interior roots, s, and s*, as in Figure 3(2). By Theorem 1, s* is the only candidate for a
locally stable interior steady state, but in case (2) we could also have a locally unstable steady state at s..

Below we provide a more refined analysis of these cases, but we hope this example illustrates a key
advantage of our approach: examining the shape of the locator function involves significantly simpler
calculations while delivering results comparable to those obtained through standard methods. In ad-
dition, we can extend the non-concave Neoclassical Growth Model to accommodate any production
function, not just those with kinks or s-shaped profiles. Indeed, Theorem 1 implies that for any function
f, the stable steady states must satisfy two conditions: (a) f’ equals 1/, and (b) f is concave at that
point. This generalizes the classical results for the Neoclassical Growth Model to a much broader class

of settings.

Proof of Theorem 1 Throughout this section it is useful to make explicit the dependence of roots and

fixed points on the discount factor. Hence, we use R°[['(-,6)] and R°[L(:,6)]. Also, we define & =

15Gince & f'(Smax) < 1, this implies that T (Sax, §) < Smax. Since there are no roots, then the only steady state is s = 0 and is
globally stable.
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u(@n@)  s(o)s(d)

Figure 4: Comparative statics of stable and unstable fixed points

{(s,0) €8x [0,1) : T(s,6) = 0}.

The first part of Theorem 1 follows from the following lemma.
Lemma 3.3. Forany é € [0,1), R°[I'(-,6)] € R°[L(-,d)].
Proof. See Appendix A .4. O

The proof of the second part of the theorem rests on a two-step argument. The first step links the
stability of a steady state to the comparative statics of fixed points of the optimal correspondence with
respect to the discount factor. The second step relates these comparative statics to the slope of the locator
function evaluated at the root corresponding to the steady state.

In the first step, stability is inferred from the response of steady states to small changes in the discount
factor. By Lemma 3.2, the mapping ¢ — I'(s, d) is non-decreasing. Intuitively, as the discount factor rises
the planner attaches greater weight to future payoffs, and since s — V/(s,d) is increasing, the planner
is drawn toward higher values of the next-period state.!® As illustrated in Figure 4, when the policy
correspondence weakly shifts up with J, stable fixed points cannot shift left as J increases, while unstable
ones cannot shift right.

The following lemma formalizes this observation.

Lemma 3.4. For any (e,6) € Graph&°, consider an open neighborhood around 6, U,(6), and a continuous
mapping q from Uy (8) to R such that q(6) = e and q(6') € R°[['(-,8")] for any &' € Uy(5). Then q is non-

decreasing at ¢ if e is stable and non-increasing if e is unstable.

16Strictly speaking, monotonicity of s — V (s, 8) is not sufficient for s +— I'(s,d) to be increasing. We also require either that
7 is strictly concave or that s’ +— 9] 77(s,s’) and s’ — 9; 71(s, s") are increasing; see the proof of Lemma 3.1.
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Proof. See Appendix A 4. O

In the second step, we connect comparative statics with respect to the discount factor to the slope of
the locator function at the corresponding root. By Lemma 3.3, any mapping g in the previous lemma
satisfies £(q(8'),6') = 0 for any &' € U,(6)."” By Corollary 3.1, £ is continuously differentiable around
each s € R°[I'(+,0)], and L1(s,6) # 0 by Assumption 3. Hence, by the Implicit Function Theorem, there
exists a neighborhood of ¢ contained in U, (J) such that

dq() _  m(q(9),9)

a5~ Li(q8),0) ®)

Since 71y > 0 by Assumption 1, g is non-decreasing iff £1(q(6),6) < 0and non-increasing iff £1(g(5),d) >
0. Thus, if e = () is stable, then, by Lemma 3.4, 4 must be non-decreasing at J, so £1(e,d) < 0; and if
e = q(0) is unstable, then, by Lemma 3.4, § must be non-increasing, so £1(e,d) > 0. Since stability and
instability are mutually exclusive, we conclude that £1(e,d) < 0 implies stability of e and £1(e, ) > 0
implies instability of e, as claimed in the second part of Theorem 1.

We conclude this section with a remark. The first step of the proof — the link between stability and
comparative statics — is related to Samuelson’s Correspondence Principle (Samuelson, 1983). Samuel-
son’s principle uses local dynamic stability (e.g., under taitonnement dynamics) to sign comparative stat-
ics, such as concluding that equilibrium price rises with an outward demand shift because the demand
curve must be flatter than the supply curve at a locally stable equilibrium. Our approach runs in the
opposite direction: we use comparative statics with respect to the discount factor to infer local stability

of the model’s underlying dynamics.

4 Refinements and Implications of Theorem 1

While Theorem 1 provides a general method for identifying and classifying the stability of interior steady
states using the locator function, this section highlights important cases in which additional analysis
yields sharper insights. We begin by showing that when the locator function crosses zero only once
and from above, the unique interior root corresponds to a globally stable steady state. We then examine
the case in which the locator function has an inverted U shape with two interior roots, demonstrating
that meaningful conclusions about stability can still be drawn. Next, we consider the special case of a

strictly concave per-period payoff function and show that, under an additional condition, the locator

17Existence of the neighborhood U,;(0) and the mapping q is ensured by our assumption of restricting the analysis to generic
points.
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function fully characterizes all interior steady states and their basins of attraction. Finally, we show how
the locator function can be used to do comparative statics for stable steady states. Together, these results
clarify the scope and limitations of the main theorem and offer guidance for its application across a range
of economic environments.

Throughout this section, to facilitate the exposition of the results, we maintain the assumption of

smoothness of the locator function and that s € Y°(s) forall s € S°.

4.1 Locator function is single crossing from above

In some applications, it is useful to impose conditions that guarantee the existence of a globally stable
steady state. This subsection presents one such condition on the locator function—namely, that it be
single crossing from above. By this, we mean that there exists a point ¢ € 5° such that £(s,4) > 0 for all

s <c,L(s,6) <0foralls > ¢, and L(c,é) = 0.

Proposition 4.1. Suppose the locator function satisfies single crossing from above. Then there exist a unique

interior steady state, given by the root of the locator function, and it is globally stable over S°.18

Proof. See Appendix A.3.1. O
Application to the generalized NCG model. Consider case (1) above, in which 6f'(0) > 1. This in-
equality implies that £(0,6) > 0, and since s — f’(s) is increasing on [0, s;) and decreasing on (s;, Smax],

it follows that s — L(s, ) is single crossing decreasing from above. Thus, by Proposition 4.1, the root s*

is the unique interior steady state and is globally stable over 5°.

4.2 Locator function has two interior roots

In some situations the locator function will have multiple roots and thus Proposition 4.1 cannot be used.
The next proposition shows that the locator function can still identify stable interior steady states in this

case.
Proposition 4.2. Suppose the locator has two roots, s, < s* and L(s,8), L(5,5) < 0.1 Then either
1. s is the unique globally stable steady state, or

2. s* is the only locally stable interior steady state.

18The qualifier "over $°" means that its basin of attraction is the whole of $°. That is, the result does not rule out unstable
steady states at the boundary of S.

19Here and throughout, s and 5 are the lower and upper bounds of the state space. The case where L(s, ), £(5,6) > 01is
completely analogous and thus omitted.
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Moreover, if s' +— 71(s,s") is strictly concave and there exists s € S° such that 115(s,s) = 0, then case 2 is the

only possibility.
Proof. See Appendix A.3.2. O

Given that the locator function has exactly two roots, s, < s*, and is negative at both boundaries,
Theorem 1 implies that either I'(s,d) < s for all s € S, or I eventually crosses the 45° line. In the first
case, all trajectories converge to the lower boundary s, which is then the unique globally stable steady
state. In the second case, moving from right to left, the first crossing from above must occur at s* , which
must then correspond to a locally stable steady state. There are three possible sub-cases for the behavior
of I'(+,9) on (s,s*): (i) it remains above the 45° line; (ii) it jumps below it at a Skiba point; or (iii) it crosses
it, in which case Theorem 1 implies the crossing occurs at s,. In all three cases, s* remains the only locally
stable interior steady state.

Finally, the added condition that s — 7(s,s’) is strictly concave and satisfies 71»(s,s) = 0 at some
interior point ensures that the myopic planner (6 = 0) has an interior steady state. But since § — TI'(s, )
is non-decreasing (see Lemma 3.2), this implies that I'(s,§) > s somewhere, contradicting the possibility
of I being strictly below the 45° line throughout. This rules out global convergence to s, and since 5 is

not a steady state, there has to be an interior locally stable steady state, which must be s*.

Application to the generalized NCG model. Proposition 4.2 can be applied to study case (2) in the
generalized NCG model, in which 6f'(0) —1 < 0 < 6f’(s;) — 1. Since s — f’(s) is increasing in [0, s;)
and decreasing in (sy, Syax|, the locator function is indeed inverted U-shaped, and since §f'(0) < 1 and
Of (Smax) < 0f'(s*) = 1, then £(0,5) < 0 and L(Smax,d) < 0. Thus, by Proposition 4.2 either 0 is the
unique globally stable steady state or s* is the only locally stable interior steady state. As it turns out,

both cases are possible, and depend on the parametrization. To see this, assume CRRA preferences,
y—1

c— u(c) = T,

and a convex-concave production function given by s — f(s) = —%s® + %sz + cs.
Varying the values of the different parameters, Figure 5(a) shows a case in which s is the unique globally
stable steady state, whereas Figures 5(b) and (c) show that r; is the only locally stable interior steady
state.

Interestingly, Figure 5(c) illustrates a setting in which the locator function has two roots, but only one
corresponds to a steady state. The other root is not a steady state and instead arises from the presence of
the Skiba point. This example underscores that Theorem 1 is, in a sense, sharp: the inclusion of steady

states among the roots of £ cannot generally be strengthened—except in special cases, such as those

covered in Propositions 4.1 and 4.3 below.
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Figure 5: Neoclassical growth model with inverted U-shaped locator function

@ . (b) . (©

Note: (a) with a = 0.266,b = 1,c = 05,6 = 0.7, (b) witha = 0.25,b = 1,c = 4.7,6 = 0.18, (c) with a =
0.2,b =1,c = 14,6 = 0.5. Relative risk aversion coefficient: v = 0.3. Vertical dashed lines show the roots of their
corresponding locator functions.

4.3 The payoff function is strictly concave

In this section we discuss the particular case where 7 is strictly concave. This case is the standard case
studied in the literature (cf. Stokey et al. (1989)) and it requires 71117122 > (7112)?, implying that the
externalities are "small" in magnitude relative to the curvature of 7t over s and s’.2

The next result shows that in this setting, under mild additional conditions, the locator function not
only characterizes stable fixed points, but also their basin of attraction. To state the result we need the

following definition of a basin of attraction of a point s € 5 under a function F : S — RR,

B[F|(s) := B [F](e)U BT[F|(e),
with BY[F](e) := {s € S: s < eand Vs’ € (s,e) F(s') > 0} U{e}
and B~ [F](e) := {s €S:s >eand Vs’ € (¢,s) F(s') < 0} U {e}.

That is, BT [F|(e) is the set of all points s € S such that for any point between s and e, the function
s +— F(s) is positive — this set includes e as a convention that simplifies the exposition. We refer to
B[F](e) = B~[F](e) U B*[F](e) as the Basin of attraction (BoA) for F — this terminology is justified by the

following result.

20The condition 7r17 712y > (7'(12)2 follows from the fact that the Hessian has to have non-negative determinant.
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Proposition 4.3. Suppose 7 is strictly concave and satisfies

max sign{m(s,a) +m(s,a)} <0< min sign{m(s,a)+dmi(s,a)} 4)
acY(s): a>s acY(s): a<s

forall s € R°[L].2! Then R°[T] = R°[L] and
B(s,8) = B[T|(s) = BIL](s), Vs € R[T]. 5)

Proof. See Appendix A.3.3. O

This result implies that when 7 is strictly concave (and satisfies condition 4) the locator function
identifies not only the steady states but also their basins of attraction thereby giving an easy-to-use tool

for understanding the dynamics of optimal paths. This is summarized in Table 1

Concepts Relationship r
Steady State = (Proposition 3.2) R
Basin of Attraction (B(+,8)) | = (Proposition OA.3.1) | B]

Table 1: Equivalences under strict concavity of 7t

Relationship L
] = (Proposition 4.3) | R[L]
(-) | = (Proposition 4.3) | B[L](+)

=

!

Condition 4 allows us to link the first order condition (FOC), which is sufficient, with the locator
function. To illustrate its role in the theorem, take an s € S° such that I'(s,d) > s. Since s’ — V;(s/,6)
is decreasing (by strict concavity of the value function), the envelope condition implies 73 (s, I'(s,6)) >
m(T(s,8),T?(s,68)), and hence

715(s,T(s,0)) + 0m1(s,T(s,8)) > ma(s,T(s,8)) + 01 (T(s,6),T%(s,6)) = 0.

From the first inequality in condition 4 we then conclude that £(s,4) > 0. An analogous result holds for
the case I'(s,0) < s, thereby showing that for any s such that I'(s,é) # s, £(s,6) # 0. Thus, the locator
function will never deliver "false zeros".

Condition 4 appears somewhat cumbersome, but is easy to verify. For instance, it holds if sign{L(s,d)} =
sign{my(s,a) + émi(s,a)} for any a € Y(s). In the generalized NCG model, (s, a) + dmi(s,a) =
U'(a—f(s))(6f'(s) — 1) and since U’ > 0, the sign of this function is determined by the sign of 6f'(s) — 1,
which precisely determines the sign of the locator function. Thus Condition 4 holds. Additional suffi-
cient conditions are provided by Lemma OA.6.1 in the Online Appendix OA.6 — for instance it shows

that Condition 4 is implied by 712, + 67112 < 0.

2I'The function sign is such that x — sign{x} = 1if x > 0and —1if x < 0 and 0 if x = 0.
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4.4 Using the Locator Function for Comparative Statics

In this section we show how to use the locator function for deriving comparative statics results for steady
states. To do this, suppose the per-period payoff is parameterized by an index ¢ € R, against which we
would like to perform comparative statics of steady states.”?> We focus on stable steady states, as unstable
ones will never be attained (unless in trivial cases where the initial state is the steady state itself).

The next result shows that the locator function can be used to perform comparative statics of steady
states against the parameter ¢. To show this, we slightly change notation and allow the locator function
to depend explicit on ¢ by using L(-, 6, ). Suppose (s, &) — L(s,6,{) is continuously differentiable. By
Theorem 1, for any ¢ and any stable interior steady state, s(¢), £(s(¢),6,¢) = 0 and £4(s(§),9,&) < 0.
Thus, by the IFT, the mapping ¢ — s(¢) is continuously differentiable with derivative given by

with the sign of s’ () equal to the sign of £3(s(¢), d,E).

This logic implies the following result

Proposition 4.4. Suppose (s,&) — L(s,6,¢) is continuously differentiable. Then for any { € R, any stable
interior steady state, s(&), is increasing (decreasing) in ¢ iff L3(s({), 6, §) is positive (negative).

5 Applications

In this section we introduce two applications to different economies that are encompassed by our frame-

work.

5.1 A Model of Rational (Un)fitness

Inspired by the Rational Addiction framework of Becker and Murphy (1988), this application examines
agents who choose whether and how much to exercise, recognizing its impact on fitness and, conse-
quently, future utility. We show that this setup can lead to multiple steady states with varying fitness
levels, consistent with experimental findings that incentivizing gym attendance results in long-term fit-
ness changes (e.g., Charness and Gneezy (2009)). The key driver of these dynamics is a direct utility

boost from exercising, which increases with fitness. We refer to this as the "endorphins effect".

22The results here easily extend to & € R for g > 1.
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Setup. The fitness level, denoted by s, evolves according to s' = (1 — d)s + x where d is the rate of
depreciation and x € [0, 1] represents exercise time. The agent’s reward given fitness level s and exercise
time x is R(s,x) := s* + bsPx, where 0 < a < 1, B > 0, and b > 0 determines the strength of the
endorphins effect relative to the direct benefit from fitness. The agent also has a cost of exercising given

by C(x), with C" > 0, C"” > 0. Hence, the per-period payoff and constraint correspondence are given by
m(s,s') = R(s,s' — (1 —d)s) —C(s' — (1 —d)s)and Y(s) = [(1 —d)s, (1 —d)s +1].

Contrary to the original rational addiction literature, our approach does not impose strict concavity
of 7t. While often treated as a technical condition, imposing strict concavity would restrict the strength
of the endorphins effects — i.e., the complementarities between fitness and exercise.”> As we show
below, this restriction has important implications as the dynamics of the optimal paths under a weak

endorphins effect can be qualitatively different from those with a strong endorphins effect.

Verification of Assumptions 1-2. Given the constant depreciation rate d, the maximum sustainable

fitness level is 1/d, so we define the state space as S = [0,k/d] for some scaling factor k > 1. It is

as 711 may not be strictly positive due to the endorphins effect (R, > 0). The next lemma shows a

condition on parameters under which Assumption 1 holds.
Lemma 5.1. Suppose b(1 —d) < a(d/k)'*P~*and 1+ B — a > 0. Then, Assumption 1 is satisfied.
Proof. See Appendix A.5. O

Since s — Y(s) = [(1 —d)s, (1 —d)s + 1], parts (i) and (iii) of Assumption 2 are readily satisfied, but
part (ii) is not. However, Assumption 2(ii) is only needed to establish monotonicity of the value func-
tion. Lemma OA.2.3 and Remark OA.2.1(3) in the Online Appendix OA.2 shows that this monotonicity
result holds in this (un)fitness model without Assumption 2(ii), so this assumption is not needed in this

example.

The Locator function and optimal path dynamics. The locator function is given by

s+ L(s,6) = H(s) — C'(ds)(1 — 6(1 — d)),

23In our notation, the concavity of 7t constrains the cross derivative 771, relative to the second derivatives 711 and 71p;.
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where H(s) := (1 — (1 — d) + 5Bd)bsP + sas®~! captures the direct payoff from higher fitness as well
as the endorphins effect, and s — C'(ds)(1 — (1 — d)) captures the marginal cost of exercise in steady
state. This decomposition of the locator function shows that its roots are given by the points such that
H(s) = C'(ds)(1 — 6(1 — d)). The RHS is increasing by assumption, while monotonicity of H depends
on parameters «, 3, b, d.

Consider first the extreme case in which there is no “endorphins” effect—that is, b = 0. In this case,
the function H is decreasing (since & € [0,1)), and the locator function is single crossing from above. By
Proposition 4.1, the unique interior steady state—given by the root of the locator function—is globally
stable. This result suggests that, in the absence of the “endorphins” effect, individuals with low initial
titness find it optimal to increase their fitness, while those with high initial fitness allow it to depreciate
to some extent, with everyone eventually converging to the same steady state.

A positive endorphins effect introduces more nuanced dynamics, as the payoff function from fitness
and exercise, H, can now be increasing—potentially giving rise to multiple steady states. To illustrate
the range of possibilities, we adopt the following functional form for the cost function: x +— C(x) =
2x% + ¢ (1= + x), with S = [0, J]. This specification ensures that the planner always chooses an interior
level of exercise, i.e., x € (0,1). In Figure 6, we explore different parameter values, numerically solve for
the policy correspondence (upper panel), and examine what the locator function reveals about steady
states (lower panel).

Figure 6(a) shows a case with a moderate endorphins effect, resulting in a unique and globally stable
interior steady state at a low fitness level. In Figure 6(b), a stronger endorphins effect gives rise to two
interior locally stable steady states—one at a low and one at a high fitness level—and an intermediate
Skiba point. In contrast, Figure 6(c) depicts a very strong endorphins effect, again resulting in a unique
and globally stable interior steady state—this time at a high fitness level. In case (a), the locator function
cleanly identifies the steady state: since it is single crossing decreasing, Proposition 4.1 applies. Cases (b)
and (c) illustrate both the strengths and limitations of the locator function approach. In both, the locator
function has two roots with negative slope, signaling candidates for locally stable interior steady states.
This prediction is accurate in case (b), as confirmed by the policy correspondence in the upper panel. In
case (c), however, the lower root is a “false positive”—a root that does not correspond to an actual steady
state.

Based on our results and supporting experimental evidence (e.g., Charness and Gneezy (2009)), a
key takeaway is that imposing strict concavity is not merely a technical assumption. Rather, it rules out
economically plausible features of the utility function and limits the model’s ability to reflect observed

behavior. Even without concavity, sharp predictions can still be obtained when the locator function is
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Figure 6: (Un)fitness model policy and locator functions

case (a) case (b) case (c)
0.8} 0.8 / 08}
| = 06
—~ 04
0.2
1 0 05 1
S

10 . . : . : : . b : : R
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Note: Case (a) with "moderate"” endorphin effects: b = 1; Case (b) with high endorphin effects: b = 9; Case (c) with
very high endorphin effects: b = 15. Other parameters are constantin all 3 cases: « = 0.5, =6,a =1,c =0.6,d =
0.98,6 = 0.8. Vertical dashed lines show the roots of corresponding locator functions.

single crossing decreasing, and even without that, the high-fitness locally stable steady state is correctly
identified. The main limitation is that the low-fitness root of the locator function may be a false positive—
that is, it may not correspond to an actual steady state. Nonetheless, even in this case, the locator function
supports meaningful comparative statics. For example, since it is increasing in b, Proposition 4.4 implies

that interior locally stable steady-state fitness levels rise as the endorphin effect becomes stronger.

5.2 An Economy with Intertemporal Economies of Scale

Our second application considers a planner’s problem in a two-sector economy where only one sector
exhibits learning-by-doing, generating a trade-off between present consumption and future productivity

gains. Depending on the strength of learning by doing, the planner’s optimal path may have a globally
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stable interior steady state, or instead exhibit path dependence with multiple steady states.

This application is motivated by a large literature, including Krugman (1987), Lucas Jr (1988), Young
(1991), and Redding (1999), which study how learning-by-doing externalities can give rise to multiple
steady states and inefficient specialization in market economies absent industrial policies. Closer to our
analysis, Bardhan (1971) and Melitz (2005) derive necessary conditions for optimality, but restrict the
analysis to settings with strict concavity and do not explore the possibility of multiple steady states.

We study an open economy, Home, with two goods, and a unit of labor supplied inelastically. We
use s and s’ to denote employment in production of good 1 in the previous and current periods. There
is learning by doing in the production of good 1, with this period’s productivity shifter a function of
last period’s employment. Production of good 1 in the current period is thus given by H(s)F(s’), where
s+ H(s) :=s% and s’ — F(s') := (s')* with 6,& € (0,1). Production of good 0 in the current period is
given by G(1 —s), with G : Ry — R smooth, increasing and concave.

To simplify the analysis, we further assume that Home’s per-period utility function U : RZ — R is
quasilinear, U(co,c1) = co + u (¢1), with u : Ry — R smooth, increasing and strictly concave. Home is
the only producer of good 1, with the rest of the world’s inverse demand curve for Home’s exports of
good 1 given by e — p(e) = be!/¢. Using good 0 as numeraire, and suppressing subindex 1 for good 1

consumption, the per-period payoff function of Home’s planner is then
(s,8") — 7t(s,s") == maxu(c) + G(1 —s") +p (H(s)F(s') —c) - (H(s)F(s') — ) .
c

The only restriction on the current period’s employment in production of good 1 is that it respect the
resource constraint on labor, hence s’ € Y(s) with s — Y(s) := [0,1]. Home’s production of good 1
is H(s)F(s'), of which e(s,s’) := H(s)F(s") — c(s,s’) units are exported at price p (e(s,s’)), with ¢(s,s’)
denoting the solution of the above optimization problem for a given (s,s’) pair. Export revenues fund

imports of good 0, complementing Home’s own production of that good for consumption.?*

2AWe can generalize several of these assumptions. First, we can allow for there to be a foreign variety of good 1 (as in
the standard Armington trade model) and have Home’s utility given by U(co,c1,¢}) = co + u(c1) + u* (c}), where ¢} is
Home’s consumption of the foreign variety of good 1 and u* : R; — R is smooth, increasing and strictly concave. Assuming
that the relative price between the foreign variety of good 0 and good 1 is fixed, the results below carry through without
modification. Alternatively, we can remove the separability assumption between goods 0 and 1 and assume that Home is a
small open economy (i.e., the relative price at which it can trade these two goods is fixed), or that it is a closed economy with

11 o
-1 o1 v o1

U(cp,c1) = % (COT +¢° ) , 1 < 7 < 0. These results are discussed in the Online Appendix OA.7. What is difficult

is to simultaneously allow for non-separability in preferences with Home open to trade with endogenous foreign prices. This
is because then 7115 (s,s’) > 0 is hard to verify for the whole state space.
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Verification of Assumptions 1-2. Since the planner behaves as a monopolist for good 1 in the for-

eign market, we need to assume the elasticity of foreign demand for Home’s exports of good 1, ¢ =

-1
- (dilnlﬁ(:)) , is larger than 1 for there to be an interior solution. In the following lemma, we show that

’ -1
as long as the elasticity of marginal utility of good 1, ¢ — ¥(c) := — (dlgli Ec)) , is always larger than
1, Assumption 1 holds.
Lemma 5.2. Ife > 1and «(-) > 1, then Assumption 1 is satisfied.
Proof. See Appendix A.6. O

To gain some intuition for this condition, note that by the Envelope Theorem we have 7y (s,s’) =
u'(c(s,s"))H'(s)F(s'). An increase in s’ implies a higher F(s’) and hence a higher 71 (s, s’). This positive
direct effect is counteracted by a negative indirect effect arising from the fact that a higher F(s’) implies
more consumption of good 1 and hence a lower marginal utility #'(c). In a closed economy ¢ > 1 is
necessary and sufficient to ensure that the positive direct effect dominates the indirect negative effect.
In an open economy this is relaxed because part of the extra output is exported, hence marginal utility

declines less. The proof of the lemma shows

y(c(s,s")) =1+ (e —1)e(s,s") /c(s,s)

(s, ) = (el SN H VP ) G s o) Ve, ) /e(s,9)

hence 7115(s,s’) > 0if y(-) > 1. Assumption 2 is trivially satisfied.

The locator function and optimal path dynamics. We focus on the case with y(-) = ¢ =: v, which
significantly simplifies the analysis because it implies that a constant share of production is exported

(with the rest consumed). The locator function is then simply
s L(s,8) = (14 (b1 =1/9)") "7 (a+ 66)s@T0 0111 _ /(1 —5). (6)

Further imposing a restriction on G, we can use this locator function to find an intuitive condition on the

strength of learning externalities determining whether we have a single or multiple steady states:
Lemma 5.3. Assuming that e = y(c) =: 7y forall cand G(1 — ') =1 — &/, the following are true:

1. If 0 < % + 1 — w, then the locator function is single crossing from above, and its interior root is the

globally stable steady state.

ZNote that (-) > 1 is a not a necessary condition. If exports are high relative to consumption and if foreign demand is
highly elastic then most of the extra output associated with a higher s’ will be exported, so we can have 7y5(s,s’) > 0 even
with y(+) lower than 1.
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2. If6 > % +1—waand L(5,0) > 0 then the locator function is single crossing from below, and does not

have an interior stable steady state.
Proof. See Appendix A.6. O

The mechanism that can lead to multiple steady states is learning by doing, captured by H(s) = s°.
When the learning elasticity 6 is sufficiently high, the future productivity gains from higher current
employment in sector 1 can outweigh the effects of diminishing returns—specifically, the diminishing
marginal utility of consumption (or declining export prices), represented by ﬁ, and the decreasing
marginal product of labor, given by 1 — a. To see how these forces interact, consider a simplified setting:
a static, closed economy in which the planner chooses employment in sector 1 to maximize utility, i.e.,

maxy (xex”‘)lflm

+ 1 — x. In this case, the condition for an interior solution is precisely § < % +1—a.

As in the previous application, we use a figure to illustrate the range of possibilities for the optimal
path. For each case, the upper panel displays the numerically computed policy correspondence, and
the lower panel shows the corresponding locator function. Cases (a) and (b) in Figure 7 assume a linear

payoff in sector 0, G(s’) = 1 — s’ (as in Proposition 5.3), and differ only in the value of the learning

1
=1
learning elasticity but introduces diminishing returns in sector 0, with G(1 — ) = % for B € (0,1].

elasticity: 6 < 4+ 1 — a in case (a), and 6 > ﬁ +1 — a in case (b). Case (c) also assumes a high

In case (a), a low learning elasticity leads to a unique, globally stable interior steady state. In case
(b), the interior steady state becomes unstable, and the dynamics exhibit threshold behavior: if the initial
productivity of sector 1 is below the unstable steady state, the planner shifts employment fully to sector
0; if it is above, full specialization in sector 1 emerges. In case (c), the introduction of diminishing returns
in sector 0 shifts the upper steady state into the interior, breaking the corner solution seen in case (b).

The locator function in the lower panels successfully captures these dynamics. In case (a), it has
a single interior root with negative slope, corresponding to a globally stable interior steady state, as
implied by Proposition 4.1 and Lemma 5.3. In case (b), the locator function has a single interior root with
positive slope, ruling out interior locally stable steady states and confirming that the only stable steady
states lie at the boundaries. In case (c), the locator function exhibits an inverse-U shape with negative
values at both extremes. By Proposition 4.2, this implies either a single interior locally stable steady state
at the higher root or global stability at the lower boundary. Moreover, since 72 (s,s’) < 0 and the myopic
policy function has an interior fixed point, we can invoke the latter part of Proposition 4.2 to conclude
that the higher root of the locator function must be a locally stable steady state.

When an interior locally stable steady state exists (as in cases a and c in Figure 7 ), we can use Propo-

sition 4.4 to study how various shocks affect the steady state allocation, s. We see from (6) that the locator
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Figure 7: Intertemporal externality model
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Note: Case (a) withf = 0.5,y =e=5a=03,=1,b=2,0 =032.Case (b) withf =1,y =e=5,a4 =035 =
1,b=2,6 =0.32.Case (c)with® =1,y = e =8,4 = 0.38,b = 25,6 = 0.12, 8 = 0.68. s’ — 71(s,s) is concave and
there exists s in 8° such that 715(s,s) = 0 in case (c). Vertical dashed lines show the roots of corresponding locator
functions.

function is increasing in b, which governs foreign demand for Home’s exports, and the discount rate é.
Thus, Proposition 4.4 implies that steady state s increases with b and J: not surprisingly, higher export
demand for good 1 leads to higher employment in that sector, while lower discounting leads to higher

employment in the sector that exhibits learning by doing.

6 Remarks

In this section, we review existing approaches for analyzing steady states and their stability, discuss

how our proposed method relates to the most widely used of these approaches, and conclude with a
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discussion of the role played by Assumption 1.

Taxonomy of the existing literature. While the stability of steady states can always be analyzed on a
case-by-case basis, the general analytical approaches used in the literature fall roughly into two cate-
gories: the Lyapunov method and linear approximation methods. The Lyapunov approach (e.g., Brock
and Scheinkman (1976); Stokey et al. (1989), Section 6.2) is global in nature but there is almost no guid-
ance on how to establish existence or construct the Lyapounov function, thereby limiting its applicability
in many settings.?

Linear approximation methods require additional assumptions, such as strict concavity of the per-
period payoff, and are both local in nature and uninformative about the precise shape of the basin of
attraction.?” To fix ideas, we consider a version of the approach presented in Sections 6.2 and 6.3 of Stokey
etal. (1989), and summarized in Theorem 6.9. We formally discuss this theorem and its connection to our
results below, but the main takeaway is that Theorem 6.9 assumes both strict concavity of the per-period
payoff and uniqueness of the steady state—assumptions not required by our method. More importantly,
a key limitation of this result is that it guarantees the existence of a local neighborhood around the steady
state in which convergence occurs, but does not characterize this neighborhood. As a result, given an
initial condition, one cannot determine whether it lies within this region, and thus whether convergence
to the steady state will in fact occur. We also point out how, for cases in which 7t is not strictly concave
the aforementioned method cannot be implemented. Our method, on the other hand, can be applied,

albeit delivering conservative estimates of the basin of attractions.

Relationship with local approximation results. We now present a more thorough discussion of the
similarities and differences between Proposition 4.3 and the local approximation method, represented
by Theorem 6 in Stokey et al. (1989). The approach in Stokey et al. (1989) considers the dynamical
system (11 = E({;) = (@52),G(§t)), where G : S — 8 is defined implicitly by 0 = (¢, 7®) +
6m1(C®,G(Q)) for any ¢ = (¢W,7?)) € S2. Tt is clear that a fixed point of Z will be a fixed point of
I'(-,6). Moreover there exists an equivalence among the respective flows: A flow of &, ({;); can be seen
as {; = (st,5¢4+1) where (s;); is a flow of I'(+,d). Hence, it suffices to analyze the stability properties of

fixed points =.

26Gee the discussion in Stokey et al. (1989) p. 139-140.
27To our knowledge, global results based on linear approximation have been obtained only for the Cass-Koopmans growth
model; see Nishimura et al. (2004) and references therein.
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Stokey et al. (1989) study the Jacobian of E at a fixed point { = (s, s),

and claim that local stability of a fixed point ¢ suffices to show ]z has a unique characteristic root with
absolute value less than one (cf. Theorem 6.9). Jz’s characteristic polynomial is given by A2 — AG,({) —
G1(¢) = 0. By the IFT the derivatives of G are given by G1(J) = —m1 (¢, 7®)/(6712(2?, G(7)))
and G() = —(m(CZW,7@) + 6m11(2¥,G(2)))/ (6m12(7?, G(Z))) respectively. Evaluating these ex-
pressions at { = (s,s) and some straightforward algebra implies the following characterization of the

characteristic polynomial:
A2 4+ A(ma(s,s) + 0mi1(s,8)) / (07 (s,8)) +1/6 = 0.

Since the LHS is a quadratic function and coefficient of A is negative, by Vieta’s formula the two roots
should both be positive. Then note that LHS at A = 0 is positive, so existence of a positive root with
absolute value less than one is implied by the LHS being negative at A = 1; i.e., 67121 (s, s) + 7t(s,s) +
dm11(s,s) + m21(s,s) < 0. This is exactly the condition of £4(s,d) < 0 which we derived in Theorem 1.
That is, the linear approximation method uses the same mathematical quantity—the sign of £;(s,d)- to
assess whether a fixed point is stable. The difference, however, lies in how each approach arrives at this
result.

Instead of using a linear approximation, our approach relies on the locator function, which is linked
to the dynamical behavior under "order conditions" (Assumption 1), and on drawing insights from the
Samuelson principle and comparative statistics. This discrepancy has important implications in terms of
the characterization of the basins of attraction. Theorem 6.9 in Stokey et al. (1989) only proves an open
neighborhood of initial conditions leading to convergence but does not specify it, limiting its applica-
bility since one cannot determine if a given initial condition will converge. Proposition 4.3 on the other
hand, provides, under an easy-to-check additional condition, a complete characterization of the basin of

attractions and of steady states.

On the role of Assumption 1. As noted above, our approach replaces the strict concavity assumption
common in the literature with the monotonicity conditions outlined in Assumption 1. These conditions
are essential for establishing the comparative statics properties of I' that underpin Theorem 1.

Formally, the key comparative statics result states that § +— I'(s,d) is monotonic in the sense that
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maxI'(s,6) < minTI'(s,d") for any &' > . To obtain this result we invoke the Milgrom-Shannon theorem
combined with

v (s', o)

!/ /
s'—V(,6)+46 i

)

being non-decreasing for some s’ € T'(s’, §). This expression captures the marginal effect of the discount
factor on the payoff and consists of two components: (i) a direct effect, reflecting how the discount
factor influences the valuation of the "next period" payoff (the first term on the right-hand side), and (ii)
an indirect effect, reflecting how it affects the valuation of future payoffs beyond the next period (the
second term). To show that the overall expression is non-decreasing in s’, it suffices to verify that both
components are themselves non-decreasing. For the direct effect (i), this requires the value function to
be non-decreasing. For the indirect effect (ii), given the monotonicity of the value function, we need
that higher s’ leads to higher s”, which in turn requires that I'(-,6) is non-decreasing. The main role
of Assumption 1 is precisely to establish that both the value function and policy correspondence are
non-decreasing. Indeed, the monotonicity restriction in Assumption 1(i) is (only) used to establish the
monotonicity of the value function, and monotonicity restriction in Assumption 1(iii) is (only) used to
establish the monotonicity of the policy correspondence.

We now discuss extensions (and limitations) of these assumptions. Consider the following versions

of Assumption 1 and 2 where, essentially, the order conditions are flipped.

Assumption ALT.1. 7t is continuous and (i) s — 71(s, s") is decreasing, uniformly smooth a.e. with 9 m < 97 71t;

(ii) s’ v+ 71(s,s") is smooth with derivative denoted as 717y; (iii) s — 712(s,s') is decreasing.

Assumption ALT.2. (i) s — Y(s) is continuous, compact- and nonempty interior-valued; (ii) s — Y(s) is

non-increasing in the inclusion sense; (iii) s — Y (s) is non-increasing in the strong set order sense.

By inspection of the proofs of Lemmas 3.1 and 3.2, it is easy to conclude that, under these assump-
tions, the value function and policy correspondence are non-increasing. From the discussion above, a
comparative statics result still holds under this case, but now ¢ — I'(s,d) is monotonically decreasing
in the sense that minI'(s,6) > maxI'(s,¢’) for any &' > ¢. In turn, this result implies a flipped version
of Lemma 3.4, with the mapping g now non-increasing in 6 when evaluated at a stable steady state and
non-decreasing in 6 when evaluated at an unstable steady state.

From this observation and since 711 < 0 under Assumption ALT.1, we conjecture the following alter-
native version of Theorem 1 holds: if Assumptions ALT.1, ALT.2, and 3 hold, then for any interior steady
state s we have s € R°[L], with s stable if £1(s,d) < 0 and unstable if £(s,d) > 0.
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Unfortunately, our analysis does not allow for having 711 and 711, of opposite signs. This is because
a situation in which V is increasing but I' is decreasing, or vice-versa, would no longer ensure mono-
tonicity in expression 7, implying that we no longer obtain useful comparative statics with respect to the
discount rate.

We conclude this discussion by pointing out that in situations where s — I'(s,§) is non-increasing
(the case under 711, < 0) fixed points may not be the only steady states as there could be cycles or other
chaotic behavior. Such possibilities have been pointed out even in simple growth models (e.g. Chapters
4,7 and 8 in Stachurski et al. (2012)), but to our knowledge there is no general theory comparable to the

one for fixed points.

State Space. The state space, S, is assumed to be bounded, convex, and uni-dimensional. We now
discuss the role of each of these assumptions and whether it is possible to relax them.

The convexity assumption is technical and for convenience as it allow us to perform differentiation of
the various functions. The bounded assumption can be relaxed, provided that one restricts the behavior
of the tails of 71, as we show in the Online Appendix OA.1. As discussed there, an unbouded state
space implies that some optimal paths can drift to plus or minus infinity, however our results are not
affected. Finally, the assumption of uni-dimensionality is central to the tractability of our results, as it
renders the state space totally ordered, and also allows us to use simple scalar derivatives to identify
steady states and characterize their local stability. In higher dimensions, extending Theorem 1 (and its
refinements) is in principle possible under appropriate regularity and monotonicity conditions on the
gradient and cross-derivative matrix of the payoff function 7. We believe that extending our framework
to the multidimensional case is a fruitful open question for future research as it will greatly extend the
scope of the current theory. However, such an extension involves substantial technical complications and
is beyond the scope of this paper. Moreover, in the multidimensional setting, it is no longer immediate
that the asymptotic behavior of optimal paths is fully described by fixed points (Proposition 3.2); the

possibility of cycles or more complex invariant sets may not be ruled out a priori.

7 Conclusion

We have introduced a monotonicity-based approach for characterizing optimal paths in dynamic op-
timization problems. By centering the analysis on a simple locator function constructed from model
primitives, we can identify steady states, assess their stability, and in some cases describe their basins

of attraction, all without solving the full dynamic program. Applications to a generalized neoclassical
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growth model, a rational (un)fitness model, and an economy with learning-by-doing illustrate both the
tractability and the breadth of the framework, and point to its usefulness for applied work that seeks
qualitative insights rather than exact solutions.

The main limitation of the present analysis is its restriction to a one-dimensional state space. Extend-
ing the framework to multiple states—where cycles, richer path dependence, and interactions across di-
mensions may arise—remains an important avenue for future research. Developing higher-dimensional
analogues of the locator function would significantly expand the scope of monotonicity-based methods

for analyzing optimal paths.
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A Appendix: Proofs and Results in the Text

A1 Appendix for Section 3.1

Proof of Lemma 3.1. (4,s) — V(s,0) is unique, continuous and increasing by Lemmas OA.2.1 and OA.2.2
in Appendix OA.2. O

Proof of Lemma 3.2. (s,0) +— I'(s,d) is non-empty, compact-valued, and upper hemicontinuous, also s —
I'(s,0) is function-like and non-decreasing by Lemmas OA.3.1 and OA.3.3 in Appendix OA.3.
We now show that ¢ — T'(s, d) is non-decreasing in the sense specified in the lemma. This follows by
Lemma OA.3.4 in Appendix OA.3 — the condition in the Lemma is satisfied by Lemma 3.1.
O

Proof of Proposition 3.1. We first claim that there exists a A > 0 small enough such that there exists a
ya € T(s+ A, d) such that yp € Y(s). To show this, suppose all s’ € I'(s,d) are such that s’ < maxY(s).
Thenlet V' := (minY(s) — 7, max Y(s)) for some 7 > 0. Since Y(s) is convex-valued, I'(s,§) C V', so by
UHC of I' (Lemma 3.2) there exists a A > 0 such that I'(s,d) C V'ins € (s —2A,s 4 2A). In particular,
I[(s+A,6) C (minY(s) — v, maxY(s)). Moreover, by Lemma 3.2, minI'(s + A,5) > s’ > minY(s),
consequently I'(s + A, ) C [minY(s),maxY(s)) C Y(s). So the claim follows assuming all s’ € T'(s, )
are such that s’ < maxY(s), but this follows from the fact that I'(s, ) C Y(s).

From this claim it follows that

V(s+A,0)—V(s,9) < T(s+ A, ya) — n(s,yA).

A A

Sinces — I'(s, ) is UHC (Lemma 3.2), by possibly going to a subsequence, it follows that y = lima_,oya €

['(s,8). By Assumption 1, limy g H(HA’MA)*"(S’“) = 9y 71(s,y) < max,cr(s ) 9 77(s,y). Thus,

lim sup V(s+4,0) = V(s,9) < max 0 7(s,y).
ALO A yET(s,0)

We now claim that there exists a A > 0 small enough such that I'(s,5) C Y(s + A). This follows by
the fact that IT'(s,5) C Y°(s) and continuity of Y (Assumption 2). Hence, for all y € I'(s,9),

V(s+A,8) —V(s,9) S n(s+A,y)— (s, y)
A - A




Thus,

i inf V(s+A,8)—V(s,d)
A0 A

> 07 7(s, ).

Since this holds for all y € I'(s, ), it holds for the maximal element, and thus we showed that

. V(s+A,0)—V(s,9d)
+ _ _ +
0"V(s,d) = lAlﬁ} A = y?%?s)}) dy 7t(s,y).

We now analyze 0~V (s, ), We first claim that there exists a A < 0 small enough such that there exists
aya € I'(s+ A,d) such that yp € Y(s). To show this, suppose all s’ € I'(s, ) are such that s’ > minY(s).
Then let V' := (min Y(s), max Y(s) + 7) for some v > 0. Since Y(s) is convex-valued, I'(s, ) C V’, so by
UHC of I' (Lemma 3.2) there exists a A < 0 such thatI'(s,6) C V'ins € (s +2A,s — 2A). In particular,
I['(s+A,6) C (minY(s), maxY(s) + 7). Moreover, by Lemma 3.2, maxI'(s + A,6) < s’ < minY(s),
consequently I'(s + A, ) C (minY(s), maxY(s)] € Y(s). So the claim follows assuming all s’ € T'(s, )
are such that s’ > min Y(s), but this follows from the fact that IT'(s,é) C Y°(s).

Hence, forany A < Oand yp € I'(s +A,0)NY(s),

V(s+A,0)—V(s,9) S 7t(s+ A, ya) — 77(s,ya)
A - A '

And by taking limits it follows that for some y € I'(s, ), lim infaqg w

> 07 (s, ) > minyerop) 35 7H(5, ).
Analogous calculations to those above imply limsup,, w < oy m(s,y) forally € I'(s,0).
And thus,

s+ A, 0)—V(s,9)

- LV .
9 V(s,d) = IAI% A = ygrlg,l(S) d; 7t(s,y).

Proof of Corollary 3.1. Lemma OA.2.5 in Appendix OA.2. [

A.2 Appendix for Section 3.2

Here we prove a more general version of Proposition 3.2 under unbounded state space. It is clear this

proposition implies Proposition 3.2 under the assumption of bounded state space.

Proposition A.1. Forany sy € Sand any ¢(.,s9) € ®(so), lims_,e0 ¢(t,50) € R[[] U {Fo0}.



Proof of Proposition A.1. For any sg either ¢5(1,50) > so, ¢s5(1,50) < so or ¢s(1,50) = so . In the third
case the result trivially holds so we focus on the other two. Suppose ¢5(1,50) < sp. Since I'(-,9) is
non-decreasing (see Lemma 3.2) it follows that I'(¢s(1,50),6) < I'(sp,é) which implies that ¢5(2,s0) <
$5(1,50) < so. By applying this logic recursively we obtain that (¢s(t,s0)); is a non-increasing sequence.
Hence, the limit exists and is given by r = inf; ¢5(,s9). Observe that r is either finite or infinite, if it is
finite, since I'(+, §) is UHC (see Lemma 3.2), r € I'(r,J). By Lemma OA.3.2 in the Online Appendix OA.3
this implies that r € R[] as desired.

Suppose ¢s5(1,s9) > so. By analogous arguments to those above, (¢s(t,s0)) is a non-decreasing
sequence, hence the limit exists and is given by s := sup, ¢s(t,59). Observe that s is either finite or
infinite, if it is finite, since I'(+,§) is UHC (see Lemma 3.2), s € I'(s, §). By Lemma OA.3.2 this implies that
s € R[I] as desired. O

Remark A.1. The result allows for oo to be a limit point. This is natural as in this proposition S can
be unbounded, so some paths of I' may drift to infinity. A sufficient condition to rule out these case is
limsup, ., max¥(s)/s < 1and liminf,_,_minY(s)/s > 1; i.e,, it is not feasible to maintain arbitrary
high or low levels of s. In this paper, however, we don’t impose this condition and allow limits of paths
to take the value +c0. A

A.3 Appendix for Section 4

The proof of the propositions in Section 4 rely on the following lemma which provides information for

the behavior of the optimal policy correspondence at the boundary.

Lemma A.1. Suppose S = [s,5] and s € Y°(s) for all s € S°, and suppose 1 and 712 are continuous. The

following are true:
1. If L(s,0) > O then either T'(s,8) > s or there exists a € > 0 such that T'(s,6) > s forall s € (s,s + €).
2. If £L(5,6) < O then either T(5,8) < § or there exists a e > 0 such that T'(s,8) < s forall s € (5 —¢,3).
3. If L(s,0) < 0andT(s,d) = s, then there exists a ¢ > 0 such that T'(s,8) < s forall s € (s,s +¢€).
4. If £(5,6) > 0and I'(5,0) = s, then there exists a ¢ > 0 such that T'(s,6) > s forall s € (5§ —¢,5).

Proof. See Online Appendix OA.5 O



A.3.1 Proof of Proposition 4.1

Lemma A.2. Suppose S = [s,5] and s € Y°(s) for all s € S°, and suppose 111 and 1, are continuous. If

RI[L] = {e}, then the following are true:
1. If L(s,6) > O, then there exists a ¢ € S such that (s,c) C B(e, ) and (c,5] C B(3,6).
2. If £(5,6) < 0, then there exists a ¢ € S such that [s,c) C B(s,d) and (c,5) C B(e, ).
Proof. See Online Appendix OA.5. O

Proof of Proposition 4.1. Under our assumptions, the conditions for Lemma A.2 hold. Moreover, since the
locator function satisfies single crossing from above, both parts of Lemma A.2 hold. Observe that c in
Part 1, which we denote as c;, must equal 5. Otherwise, would contradict the claim about B(e, §) in part
2. Similarly, the c in Part 2, which we denote as ¢, equals s; otherwise it would contradict part 1.

This shows that the interior unique root of s — L(s,¢) is globally stable over §°. We now show that
such root must be a steady state. To show this, observe that by the proof of Lemma A.2, I'(s,§) > s for
some s arbitrarily close tos and I'(s, J) < s for some s arbitrarily close to 5. Since I'(+, §) is non-decreasing,
these inequalities imply that s — I'(s,d) — s must cross zero. By Lemma OA.3.2, it must do so at a fixed

point and by Theorem 1, it thus must be a root. Thus the desired result holds. O

A.3.2 Proof of Proposition 4.2

Proof of Proposition 4.2. Since L£(5,6) < 0, by Lemma A.1(2), I'(s, ) < s for all s in an open ball to the left
of 5. Therefore, one possibility is I'(s,d) < s for all s € 5°. In this case no interior steady states exist and
s is the only (globally stable) steady state.

Another possibility, however, is for I'(+,J) to intersect the 45° line for the first time (coming "from
the right") in some interior point, denoted by e. By Theorem 1 ¢ must be one of the roots. But since
s — T'(s,0) is decreasing at such point, e is a stable steady state (see Figure 2). Thus, by Theorem 1,
e=s".

From s* and moving "to the left”, we claim I'(+,J) can intersect the 45° at most one time over (s,s*).
This claim follows directly from Theorem 1 and the assumption that the locator function has only two
roots. Also by the same theorem, we can conclude that the only possible fixed point over (s,s*) would
be located at s, and would be unstable. The other two possibilities are for I'(-,d) to "jump" below the 45°
line and remain below the 45° line until we reach s or to remain above the 45° line until we reach s.

Hence, we have shown that if the locator function has two roots and £(s, ), £(5,0) < 0, then either

s is a globally stable steady state, or s* is the only interior (locally) stable steady state.

4



Now suppose there exists sy € S° such that 72(so, s0) = 0. Since s’ +— 77(sp, ') is strictly concave by
assumption, this implies that I'(sg,0) = so. By Lemma 3.2, I'(sp, 5) > I'(s9,0) = sp, and hence I'(s,d) < s
for all s € 5° cannot hold. So case one in the lemma is ruled out. O
A.3.3 Proof of Proposition 4.3

To establish Proposition 4.3 we employ the following lemmas.

Lemma A.3. Suppose 7t is strictly concave, s € Y(s) forall s € S°, and for all s € R°[L],

max  sign{ma(s,a) +m(s,a)} <sign{L(s,0)} < min sign{m(s,a)+dom(s,a)}  (8)

a€Y(s): a>s a€Y(s): a<s
Then s is an interior steady state if and only if is an interior root of the locator function.
Proof. See Online Appendix OA.5. O

Lemma A.4. Suppose s — I'(s,0) is a function. Then, for any interior steady state e,
B(e,6) 2 B[L](e).

Proof. See Online Appendix OA.5. O

Proof of Proposition 4.3. Since 1t is strictly concave, so is V(-,4) and thus I'(+,4) is a function. Thus, by
Lemma A4, B[L](s) C B(s,d) for any interior steady state s.

We now show B[L](s) 2 B(s,d) for any interior steady state s. If s is unstable this statement is
trivially true, so we focus on s stable.

Consider any a € B(s, ) such that a < s — the proof for the case 4 > s is analogous and thus omitted.
Suppose a ¢ B[L(-,6)](s). The only way a ¢ B[L(-,0)](s) is that there exists a b € (a,s) that is a root
of L(-,0), but by Lemma A.3 b is a steady state, and Proposition 3.2, b is a fixed point of I'(-,d), which
implies that b ¢ B(s, ). This yields a contradiction because B(s, ) = B[I['(+,4)](s) is convex. O

A4 Appendix for Proof of Theorem 1

Proof of Lemma 3.3. For any s € R°[I'(-,0)] it clearly follows that s € Range(T'(-,5)). Thus, optimality
and Proposition 3.2 imply

0= ma(s,s) +mi(s,y)



for any y € I'(s,d). But since s is a fixed point, y = s. Hence, £(s,6) = 0 and thereby the first part of

Theorem 1 is proven. O

Proof of Lemma 3.4. We rely on Lemma 3.2 that implies that for any s € S for which I'(s,d) € Y(s), and

for any &' > 6,%
minT(s,6') > maxTI(s,6). )

We first show the case of stable steady state. We do this by contradiction, i.e., suppose there exists
(s,0) € Graph&® with s stable such that for any open neighborhood of ¢ either (a) there exists a 9 > ¢ in
this neighborhood such that g(8’) < q(é) = s or (b) there exists a 6’ < § in this neighborhood such that
q(0") > q(6) =s.

Suppose (a) holds (the proof for (b) is analogous and thus omitted). Since s is a stable steady state, by
Proposition OA.3.1 in the Online Appendix OA.3, there exists as € S such that for any s € U(s) := (s, s),
I'(s,0) > s. By expression 9 this implies that

[(s,8') >T(s,6) >s

for any ¢’ > 4.

By our assumption and continuity of g, there exists a 8’ > ¢ such that q(¢’) € U(s). So, the previous
display implies that I'(g(¢"),é") > q(d’), but this is a contradiction to the fact that q(é') € R°[['(-,4")].
Hence, q(¢) is increasing in ¢ with () stable.

The proof for the case of unstable steady state is analogous. Le., suppose there exists a (u,6) €
Graph&° with u unstable, such that for any open neighborhood of § either (a) there exists a 6’ > ¢
in this neighborhood such that q(6') > q(6) = u or (b) there exists a &' < J in this neighborhood
such that q(¢') < q(6) = u. Proposition OA.3.1 implies there existence of u,% € S such that for any
seU_(u):= (u,u),I(s,d) <sandforanys € U, (u) := (u,u),I(s,5) > s. This result and expression
9 imply that for any &' > 6, I'(s,¢’) > s for any s € U4 (u); and for any &' < 4, I'(s,6') < s for any

s € U_(u). But these expressions contradict (a) and (b) respectively. O

Remark A.2. Existence of the neighborhood U, (¢) and the mapping g is ensured by our assumption of
genericity. For non-generic fixed points, () exist, but there could exist a sequence (4},), converging to

J for which either q(6],) does not exist or g(9},) is multi-valued (not a function). The first case could occur

BFor asetS, min S := min{s: s € S} and analogously with maxS.



because T'(+,6],) does not intersect zero, the second case could occur because I'(+,8) does intersect zero

but it does so tangentially. A

A.5 Appendix for Section 5.1

Proof of Lemma 5.1. Assumption 1(ii) holds as R and C are smooth. Assumption 1(iii) also holds as
m12(s,8") = bpsP1 4+ (1 —d)C"(s' — (1 —d)s) > 0.
Regarding Assumption 1(i) observe that

mi(s,s') > as® 1 —b(1 —d)sP.

If the state space is [0, k/d] for some k > 1, choosing 1+ 8 —a > 0and b(1 — d) < a(d/k)*F~* ensures
mi(s,s') > 0foralls,s’ €S, satisfying Assumption 1(i). O

A.6 Appendix for Section 5.2

Proof of Lemma 5.2. We show Assumption 1 holds by showing 71 (s,s’) > 1 and 7t12(s,s’) > 0. By the
Envelope Theorem, we have 711 (s,s") = u'(c(s,s’))H'(s)F(s’), which is always positive.
Also,
ac(s,s)
os’

—u'(c(s,s")) H'(s) <FI(S/) _ C(S,S;l),y(c) ac(ass,/s’)F(s/>> _

ma(s,s") =u" (c(s,s")) H'(s)E(s) +u'(c(s,8"))H'(s)F'(s")

The first order condition determining ¢ given s and s’ can be written as

W (e(5,5)) = S ple(s, o))

In words, this condition states that the marginal utility of consuming good 1 must equal the marginal
revenue of exporting this good, which is just the price divided by the markup ¢/ (¢ —1). Fix s and
differentiate this condition, we have u”(c(s,s'))dc(s,s') = SLp/(H(s)F(s') — c(s,s'))(H(s)F'(s")ds’ —

€



dc(s,s")), which implies

90(s,5) _ %p'u )H()F(s)
& el ) + (e, )

€

ﬂP’(( s'))H(s)F'(s")

&
%p’(e(s,s’)) ((C%) ,())(( )))

Plugging this back into our last expression of 715(s, s”) yields, after some algebra,

(s ) = (el )F ) () U2 BB e D),

Since ¢ > 1 and y(-) > 1 then (y(c(s,s")) — 1) c(s,s’) + (e — 1) e(s,s’) > 0, implying that 7r12(s,s’) > 0

and verifying Assumption 1. O

Proof of Lemma 5.3. Because of y(c) = ¢, which is denoted by < throughout this proof, the optimal con-

1

sumption is a constant share of production, c; = usF(s’), where p := Firstly, the locator

function is
-1/
L£(s,6)=b(1-1/7) | — (a1 66)s 0011 1,
1+ (bL‘1>
a
Hence, if 0 < % +1—ua, s — L(s,0) is decreasing. Note that limgj; £(s) = +oc0 and L(5) = —1,

so s — L(s,0) is single-crossing from above. By Proposition 4.1, there is a unique interior steady state
which is globally stable. On the other hand, if 6 > -1; +1—a and £(5) > 0, then £ has unique root
with positive slope. Therefore, by Theorem 1 the interior root cannot be a potential stable steady state.

O]



Online Appendix

Throughout this Online Appendix it is convenient to make the dependence on the discount factor, 6,
explicit on X[I'] and X[£] where X can be wither R or B. For this, we will use the notation X[I'(+,6)] and
X[L(,0)].

OA.1 Unbounded State Space

It is possible to results in the text to the unbounded state space by imposing following technical assump-

tion that is used to establish the existence of the value function.

Assumption OA.1.1. There exists a continuous function s — ¢(s,d) such that ¢ > ¢ > 0 and

?(5',0) (s, ')
sup sup ¢ < 1and sup su
SZE S’GYI()S) GD(S, 5) SZ%)) S’GYI()S) qD(S, (S)

< 0

If S is bounded, this assumption is vacuous (¢ can be taken to be a constant). For unbounded state
space, however, ¢ controls the growth of the per-period payoff and defines the relevant function space to

which the value function belongs to: All s — f(s) continuous such that ||f||s := sup,.s [f(s)/¢(s,0)| <
29

Q.

For example, in the generalized NCG model, if one defines S = R, then Assumption OA.1.1 is
satisfied with s — ¢(s,6) = u(f(s)) + A, where A is such that 1 + SUPy o] %(f(l/) —Y) is strictly
less than 1/4.

Under Assumption OA.1.1 the results in the text go through essentially without change. The only
change lies in Proposition 3.2 which continues to hold, but with the only caveat that FFco could be also
steady states (see Proposition A.1 in Appendix A.2). Theorem 1, however, remains unchanged and so its
refinements.

The proofs in the appendix will be done under this, more general, assumption.

2The concept underpinning Assumption OA.1.1 is by no means new, e.g. see Alvarez and Stokey (1998) for analogous
conditions.



OA.2 Properties of the Value Function

Throughout this section we use

V — B[V](s,é) := s/ré\?é) n(s,s") + 0V (s, 6)V(s,6) €S x[0,1), (10)
which is the Bellman operator defining the value function (s, ) — V(s,d) as its fixed point.

Let V := {f: S x[0,1) — R: f is continuous and f(.,6) € VsV € [0,1)}, where V; is the space
of functions over S such that ||f||s := sup,.¢|f(s)/¢(s,0)| < co. It is straightforward to show that
(Vs,||-]|s) is a Banach space.

Throughout, for any correspondence s — F (s) let F° denote the interior of it, i.e., for each s, F°(s) is

the interior of the set F(s).

OA.2.1 Existence and Uniqueness of the Value Function

Lemma OA.2.1. (s,6) — V(s,d) is the unique solution to V.= B[V] in the space V.

Proof of Lemma OA.2.1. For each d € [0,1), we show that the Bellman operator, B; — acting on functions
of s, not § — maps Vj into itself and it is a contraction. By Assumption OA.1.1, (s,s) +— 7t(s,s")/ ¢(s, )
is bounded over GraphY. Hence, B; maps bounded function into itself. By continuity of 7r and the fact
that s — Y(s) is continuous and compact-valued (see Assumption 2), the ToM implies that B; maps V
into itself. The contraction property follows from standard Blackwell sufficient conditions.

Therefore, for each 6 € [0,1), there exists a unique function on V;, denoted as V(+,¢), that is a fixed
point of Bs. Now defined (s,d) — V(s,d) := V(s,6). Clearly, V € V and is the unique function such
that V(.,0) = Bs[V(.,0)] forall 6 € [0,1), but this readily implies that V = B[V]. O

OA.2.2 Monotonicity of the Value Function

In this section we present three approaches to establish that s — V(s,d) is increasing, each relying on
different assumptions and different proofs technique. One, relies on s — Y(s) being increasing in the
sense of inclusion and is standard (cf. Stokey et al. (1989)). However, this condition on Y might be too
strong in some settings. So, we also present two alternative approaches, which dispenses with the afore-
mentioned assumption. One relies on weaker assumptions — namely, on being able to ‘replicate’ payoffs
generated for different values of the state variables —, the other one relies on a generalized version of
the mean value theorem for a.e. smooth functions. To our knowledge, these last two approaches are

novel and might be of independent interest.



Here are the results under the first approach; it is a well-known result and it is here merely for

completeness.
Lemma OA.2.2. Suppose s — Y(s) is non-decreasing in the inclusion sense. Then s — V (s, d) is increasing.

Proof of Lemma OA.2.2. We first show that B; maps non-decreasing functions into themselves. To do this

take any f € V; that is non-decreasing. Then

Bs[f](so) > 7(so,8") + 8f(s") > m(s1,s") +6f(s)

for any sy > s; and any s’ € Y(sp); the second inequality follows from the fact that s — 7t(s,s’) is
increasing (Assumption 1(i)).

By assumption, Y(so) 2 Y(s1), so s’ can be taken to be in I's(s1) and thus obtain Bs[f](so) > Bs[f](s1)-
Thus, s — Bs[f](s) is increasing, and so B; maps non-decreasing function in increasing (and thus non-
decreasing). Since the class of non-decreasing is closed, it follows that V (-, ) is non-decreasing. Indeed,

since V/(+,6) is unique, it actually is increasing. O
Here is the second approach

Lemma OA.2.3. Suppose for any s > s there exists a pair s}, s with s} € Y(s1) and sj € I'(so, 6) such that (i)

sy > sy and (i) t(s1,s)) > 7(so, ) with at least one of the inequalities strict. Then s — V (s, d) is increasing.

Proof of Lemma OA.2.3. We first show that B; maps non-decreasing functions into themselves. To do this

take any f € V; that is non-decreasing. Then for any s; > s,

Bs[f](s1) = 7(s1,81) + 8 (s1) = 7(s0,50) + 6f(s1) = 7(s0,50) + 0f (5) = Bs[f](s0),

where the first inequality holds because s| € Y(s;); the second inequality follows from condition (ii); the
third inequality follows from condition (i) and the fact that f is non-decreasing; the last equality follows
because s, € I'(sg,d).

Thus, s — Bs[f](s) is increasing, and so Bs maps non-decreasing function in increasing (and thus
non-decreasing). Since the class of non-decreasing is closed, it follows that s — V/(s, §) is non-decreasing.

Indeed, since one of the equalities is strictly and s — V(s, ) is unique, it actually is increasing. O

Remark OA.2.1. (1) The condition in the lemma is implied by increasing in inclusion sense. To see this,
suppose Y(s1) 2 Y(so) then take s} = s, with any s{, € I'(so, ¢). Then clearly (i) is met and (ii) follows as
1 > 0. By the inclusion, s} € Y(s1).



(2) The condition is met in the generalized NCG model. To see this, lets; = —f(so) + f(s1) + s, where
f(s) = f(s) + (1 — d)s. (i) holds as —f(so) + f(s1) > 0; (ii) holds as U(f(s1) —s}) = U(f(so) — sp). We
need to verify s € Y(s1) = [(1 —d)s1, (1 —d)s1 + f(s1)]. To check this, note that

so €Y (s0) = s < f(s0) <= f(s1) = [f(s0) —s0] < f(s1) = 51 < f(s1)

and
so €T (s0,6) = 55> (1—d)so = f(s1) — f(s0) + [so— (1 —d)so| >0
= f(s1)—[f(s0)—sp] = (1—d)s1 <= s> (1—d)s;
A
(3) This condition holds in the (un)fitness model as well. To verify this, let s} = —(1 —d)so + (1 —

d)s1 + s, — exercise for the same amount of time. (i) holds strictly as s; > s. (ii) holds as R(sy,s] — (1 —
d)s1) —C(s) — (1 —d)s1) > R(so,s5— (1 —d)sg) — C(sy — (1 —d)sp). We only need to verify s] € Y(s1) =
[(1—d)s1, (1 —d)s; +1]. To check this, recall that 0 < sj — (1 —d)sp < 1, so

(1—d)sy < —(1—d)so+ (1 —d)sy+sy < (1—d)sy + 1.

Here are the results under the third approach. Given the nature of the proof, it requires conditions

that ensure optimal choices are interior.

Lemma OA.2.4. For any sy < s1in S such that T'(s,5) C Y°(s) for all s € (so,s1), there exists a ¢ € (so, $1)
such that

max 9, 7t(c,Y) = max{9*V(c,6),9"V(c,é)}

YeT(c,9)
Z V(Sl,(S) — V(So,é) 2
S1 — S0
min{9*V(c,6),0"V(c,6)} = min 9; (¢, Y)

Yer(¢,0)

Proof. Let Vd)=Visod) —. p, By construction, G(s) := V/(s,d) — Ds is such that G(s1) = G(sp). Since G

51—50

is continuous, the function G achieves a minimum or a maximum in (sy, s1); denote the point as c.

By assumption, I'(¢, ) C Y°(c), so by Proposition 3.1, the left and right derivatives of s — Vs, )



(and thus of G) exist. If ¢ is a minimizer then 0~ G(c) < 0 < 07G(c), and if ¢ is a maximizer then
9~ G(c) > 0 > 07 G(c). These inequalities imply that 0~ V(c,8) < D < 9"V(¢,6) and 0~V (¢, 6) > D >
97V (c, 6) respectively. Hence,

min{d"V(c,4),0"V(c,6)} <D <max{07V(c,6),0” V(c,¥)}.

This implies

V(s1,0) — V(so0,9)

min{9*V(c,6),0"V(c,6)} < 51— 50

< max{97V(c,5),0"V(c,9)}.

By Proposition 3.1 and the fact that minycr (.5 97 7(c, Y) < maxyer(cq) 97 (¢, Y) (Assumption 1(i)),

the outer inequality in the lemma follows. O
Corollary OA.2.1. For any sy < sy in'S such that T'(s,6) C Y°(s) forall s € (so,s1), V(s51,6) > V(s0,9).
Proof. By Lemma OA.2.4, V(s1,0) — V(s0,8) > minyer (.4 9; 7(c,Y)(s1—50). By Assumption 1(i) 9; 7(c, Y) >
0 so the desired result follows. O
OA.2.3 Differentiability of the Value Function
Lemma OA.2.5. Forany s € Range(T's N'Y°) the following are true:

1. s+ V(s,d) is smooth. That is, 0"V (s,6) =0~ V(s,d) = m1(s,s’) forany s’ € T(s, ).

2. T'(s,6) is a singleton and 9, 7t(s,T(s,0)) = 0, 7(s,T(s,6)) =: m1(s,T(s,9)).

Proof of Lemma OA.2.5. For any s € Rangel'(-,), it follows that there exists a s_; such thats € I'(s_1,9).
Hence, 7t(s_1,5) + 6V (s,0) > m(s_1,s") +6V(s',d) forany s’ € Y(s_1). Since s € Y°(s_1), the previous
inequality holds for s’ = s + A and s’ = s — A for sulfficiently small A > 0. By Proposition 3.1, 0, V (s, 9)

exists and thus
0> m(s_1,8) + 807V (s,8) and 0 < ma(s_1,s) + 69~ V(s,d).

The two inequalities imply that 9~V (s,8) > 07V (s, 6).

On the other hand, by Proposition 3.1 and Assumption 1(i), 9~ V(s,d) = minycr(s,g) 01 ni(s,Y) <
07 7(s,Y) <97 7(s,Y) < maxyer(sg) 07 77(s,Y) = 0tV (s,0).

Therefore, 0~V (s,6) =07V (s,6) = 9] 7t(s,Y) = 0, (s, Y) forany Y € I'(s, 9).



We conclude the proof by showing that I'(s,¢) is a singleton. This readily follows by the previous
result which imply that minycrs s 711 (s, Y) = maxycr(s 5) 71(8, Y), which by Assumption 1(iii) can only

hold if T'(s, J) is a singleton. O
Lemma OA.2.6. 6 — V/(s,0) is continuously differentiable and for any s € R,

AV (s,0) & 00 B dV(sy,9)
7 —t;)é V(s{,1,0) = V(s1,6) +6 YR

for some (s¢)¢ such that s) = s and s;11 € T(s¢,0).

Proof of Lemma OA.2.6 . Forany s > 0and d € [0,1) and A € R,
V(s, 0 +A)—V(s,0) >6(V(s1,0 +A) —V(s1,0)) + AV (s1,0 + A)
for any s; € I'(s,d). Applying this again to sj, it follows that
V(s,64+A)—V(s,8) > 6*(V(sp, 6+ A) — Vis(s2)) + A(V(sy,8 + A) — 71(s,51)) + ASV (52,8 + A)
for any sy € I'(s1,9).

By iterating in this fashion, one obtains for any T > 1,

T
V(s,64+A)=V(s,8) > 6T (V(sri1,6+ A) = V(s111,8)) + A Y 6"V (sp41,6 + A)
=0
where sp := s and any (s;); such that sy € T'(s¢,6).
We now show that imr_,e 67 71 (V(s741,6 + A) — V(st41,6)) = 0. If S is bounded this is trivial

because V is bounded and § < 1. In the more general case, under Assumption OA.1.1, it follows that

there exists a constant K and a 0 < a < 1 such that for any s;, V(s;,0) = ‘(;((:;g)) ¢(st,6) < Ko(st,9) and

@(st,0) < (a/8)p(si-1,0). Thus, iterating in this fashion it follows that V (s, ) < K(a/8)!¢(so,8) =
O((a/d)"). Therefore,
(5T+1(V(ST+1,(S + A) — V(ST+1,(S)) = O(ﬂT+1),

and since 0 < a < 1 the desired result follows.



Therefore,

V(s,0+A)=V(s,6) > AY 6'V(s141,6+A).
0

t=

Taking A > 0 and taking limits it follows that

94V (s,0) := limsup V(s,0+4) = V(s,9) > lim sup Z 5"V (st11,6 + A).
A0 A A—0  t=0

Also, taking A < 0 and taking limits it follows that,

3 V(s,8) = liminf LI FA) ZVIS0) o 63 5V (5,06 + A).
A10 A A=0 =

By Lemma OA.2.1, § — V/(s,6) is continuous. Hence since Y ;> 8'V (s;41,0 + A) = O(Lj2pa') < oo,
by DCT, it follows that limp 0 Y520 6’V (841,68 + A) = Y520 6"V (s141,6) and so

9+ V(s) > i&fV(sm,é) >9_V(s,o), (11)
t=0

for any (s;); such that s) = s and s;41 € I'(s,9).

Similarly,
V(s,0+A)—V(s,6) <6(V(s1,0 +A) —V(s1,0)) + AV(s1,0 + A)

forany s; € I'(s,6 + A). By iterating in the same way as before, it follows that

V(s,0+A)—V(s,d) <A i 'V (1,8 +A)
=0
for any (s¢); such that sp = s and s;+1 € T'(s4,6 + A).

For each A take 51 =: slA such that slA € I'(s,6 + A) and limp_, slA = 5‘1); this last property holds
because s € [0,1] and any sequence has a convergent subsequence. By Lemma OA.3.1, § — I'(s,0) is
UHC, so 8! € T'(s,6). Now take sp := s5 such that s5 € I'(s?,6 + A) and lima0s5 = s3. By Lemma
OA3.1, (s,6) — I(s,6) is UHC; this fact and the fact that limp_,osy = s}, imply that s € I'(s?,6).
By iterating in this fashion we obtain a sequence (s2); such that pointwise in t, limp_,os® = sY and
siq €T(s),6).

By continuity of 7r, lima_,g n(stA,stAH) = 7(s?, s?ﬂ) (pointwise on t). By Lemma OA.2.1, (s,)



V(s,6) is continuous, so lima_o V(s& 1,0 + A) = V(s{,;,8) (pointwise on t). Therefore,
li A A) =V(s),q,9).
A V(spi1,0 +4) = V(spy1,6)

Since Y {2 6" < oo and V; is also uniformly bounded, it follows by the DCT that

3,V (s,8) := limsup Vs, 0+4) = V(s,9) <limsup Y_&'V(sp 1,6+ A) <Y 6'V(s),1,0).
A0 A A0 =0 =0

Analogous reasoning to that above yields

0_V(s,6) > limsup }_6'V(spiy,0+A) > Y 6'V(s),4,6).
A0 t=0 t=0

Combining these displays with the expression in 11, it follows that

[ee]

04V(s,0) =) 6'V(s141,6) = 9_V(s,90), (12)
=0
for some (s¢); such that sy = s and s;.1 € T'(s4,9). O

OA.3 Properties of the optimal correspondence

Recall

(s,6) = I'(s,6) := arg max 7(s,s') +6V(s',d).

s'eY(s)
OA.3.1 Topological Properties of the Optimal Correspondence

Lemma OA.3.1. (s,d) — I'(s,0) is non-empty-, compact-valued, and UHC.

Proof of Lemma OA.3.1. By Lemma OA.2.1 and Assumptions 1 and 2, (s,4,s") — 7(s,s’) + 0V (s, ) is
continuous and s — Y(s) is compact-valued and continuous. Thus, by the ToM, (s,d) +— I'(s,9) is

non-empty-, compact-valued, and UHC. O
The next lemma essentially shows that I'; is a function at fixed points.
Lemma OA.3.2. Ifs € T'(s,6) N Y°(s), thens =T'(s,d).

Proof of Lemma OA.3.2. Observe that s trivially belongs to RangeI'(-,8) N'Y°. Then, by Lemma OA.2.5
I'(s,0) is a singleton thereby implying the desired result. O
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OA.3.2 Monotonicity of the Optimal Correspondence

Recall that a correspondence is function-like if its graph has an empty interior.

Lemma OA.3.3. s — I'(s,0) is non-decreasing — in the sense that maxT'(a,d) < minT'(b,J) foranya < b —

and function-like.

Proof of Lemma OA.3.3. Observe that (s,s’) — F(s,s') := m(s,s’) + 6V(s',6) satisfies increasing differ-
ences since for any so > sy, D(s) := F(so,s’) — F(s1,s") = nt(so,s’) — 7(s1,s"). Taken derivative with
respect to s’ it follows that D'(s") = m(sp,s’) — m2(s1,s’) which is positive by Assumption 1(iii). By
Assumption 2, Y is non-decreasing in the strong set order sense. Hence, by the Milgrom-Shannon The-
orem (Milgrom and Shannon (1994)), for any 4 < band any y € I'(a,6) and y’ € T(b,9) it follows that
min{y,y’'} € I'(a,d) and max{y,y'} € T'(},9).

We now show that maxI'(a,6) < minT(b,d). Suppose not, suppose there existsay € I'(a,6) and iy’ €
['(b,0) such that y' < y. By the previous result, y' € I'(a,6) and y € I'(b,6). So, y,y’ € T'(a,5) NT(b,9)
which implies that

(b, y) + 8Vs(y) = (b, y') + 6V(y',6) and w(a,y) + 6V (y,8) = nt(a,y') + 5V (Y, 6).

This implies that 7t(b,y) — (b, y') = 7t(a,y) — 7(a,y’). By the mean value theorem, this equality implies

1 1
/O (b, 7y + (1 - D)y)de(y —y) = /0 (e, 7y’ + (1 - D)y)de(y —y)).

However, by Assumption 1(iii), s — 72(s,s’) is increasing, so 72(a, Ty’ + (1 — 7)y) < m(b, 7y’ + (1 —
T)y) for any T and a < b. Therefore, the previous display cannot hold thereby yielding a contradiction.
We now show that I'(-, ) is function-like. Otherwise, there exists a (s,y) € Graph(I'(-,6) that has
an open neighborhood also in the graph. Thus one can find a pair (s + a,y — a) with a > 0 such that
I'(s+a,6)>y—a Butwefoundy —a € I'(s+4,0) and y € T(s,6) such thaty —a = min{y,y —a} €

I'(s + a,6) which contradicts the previous results. O

Recall that § — I'(s,d) is no-decreasing (in the strong set sense) if for any 6’ > §, any s € R, and any
yeT(s,0)andy’ € I'(s,d) it follows that min{y,y’'} € I'(s,d) and max{y,y’'} € I'(s,d’).

Lemma OA.3.4. Tukea s € S such that T'(s,6) C Y(s) and *°

V(-,8) is increasing over U2, T'(Y(s), 8). (13)

OThe set T}(Y(s)) := {T(s/,8): s € Y°(s)}, and T(s) := F(I‘gﬁl(s),é) forany ! > 1. For I = 0, T9(Y°(s)) := Y(s).
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Then, for any (y,y') € T'(s,8) x T(s,d") it follows that max{y,y'} € I'(s,¢") and min{y,y'} € I'(s,9) for any
o' >4

Moreover,3!

min[(s,6') > maxTI (s, ). (14)

Proof of Lemma OA.3.4. Let (s',6) — W(s',0) := 6V (s, 5). Since s is such that I'(s,6) C Y°(s) , it follows
that T'(s,d) = argmaxycy(s) 77(s,s") + W(s',8) = argmaxycyo(s) 70(s,s") + W(s’,6). By Milgrom-Shannon
theorem, if W is (a) quasi-super modular and (b) has the single-crossing property then § — TI'(s, d) is non-

decreasing. Thus, we need to establish properties (a) and (b). For this it suffices to show that s’ — dwg(lf;’é)

is increasing. Observe that, by Lemma OA 2.6,

/
& s dWa(;S,cS)

dv (s, )

o /
=V(s',6)+6 75

av(s”,s
— V(s,6) +6 (V(s”,a) + 5(;5)) ,
for some s” € I'(s,6).
Now consider s{ > s, in Y°(s). By the condition in the lemma, V(s(, ) < V(s],6). By Lemma OA.3.3,
s — I'(s,d) is non-decreasing so s; < s{ for any s’ € I'(s;,6) for I = 0,1. Thus V(sj,d) < V(s{,é) by
our assumption as s{j, s/ belong to I'*(s,§). By Lemma OA.2.6, iterating in this fashion establishes that

Av(s" s Av(s" s AW (sh 6 AW(s' 0 .
E;(;”) < E;(;’ ). Thus ;;0’) < Lg? ) as desired.

We now show that minT'(s, ") > maxT(s,d) for any &' > 6. We do this by contradiction, i.e., suppose
there exists ana € I'(s,0’) and a b € I'(s,d) such that a < b. By the first part of this lemma, b € T'(s,d")
anda € T(s,0);s0,a,b € I'(s,8') NT(s,d). By this implies that

7t(s,a) +6V(a,8) = 7t(s,b) + 6V (b,8) and 7(s,a) + &' Vs (a) = (s, b) + &' Vs (b)

thus, by re-arranging terms it follows that W(a,¢') — W(a,5) = W(b,d’) — W(b,6). By the mean value

theorem this implies that

VAW (a,6 + £(6' — 6))) LAW(b,6 +t(8' - 6)))
/0 =5 dt :/0 5 dt.

However, we establishes that y — dwdi(éy") was increasing and since a < b this implies that dw(“"s;—w <

AWEAH=0)) for all t, a contradiction. -

31For aset S, min S := min{s: s € S} and analogously with max S.
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Remark OA.3.1. The condition in the lemma is a high level condition that can be verified in many
different ways. For instance, if Y is non-decreasing in the inclusion sense then by Lemma OA.2.2 the
condition immediately follows.

If Y is not non-decreasing in the inclusion sense, the condition in the lemma can still be verified

following the results in Appendix OA.2.2. A

OA.3.3 Characterization of Basins of Attraction of I

Recall that for any function F : 5 — R and for any e € S let

Bt[Fl(e):={s €S:s <eandVs' € (s,e) F(s') >0} U {e}
and B~[F](e) :={s €S: s >eVs' € (¢,s) F(s') <0} U {e}.

That is, BT [F](e) is the set of all points s € S such that for any point between s and ¢, the function
s — F(s) is positive — this set includes e as a convention that simplifies the exposition.

We refer to B[F](e) = B~ [F](e) UB"[F](e) as the Basin of attraction (BoA) for F; this terminology is
justified by the following result.

Proposition OA.3.1. Forany e € R°[['(-,6)], B(e,6) = B[L'(-,6)](e).

Proof of Proposition OA.3.1. Letl(e) := inf{s: s € BT[T(-,6)](e)}. Clearly, BT[I'(-,6)](e) = (I(e),e]. Simi-
larly, let u(e) := sup{s: s € B~[I'(-,0)](e) }. Clearly, B-[I'(-,6)](e) = [e, u(e)).

We first show that B(e,8) 2 BT[['(-,6)](e) UB~[T(-,6)](e). To do this, take any s € BT[T(-,6)](e).
By definition s > I(e) and I'(s,d) > s. Therefore, since s — I'(s,d) is non-decreasing (Lemma OA.3.3
in Appendix OA.3) any flow starting in s is such that ¢s(t,s) > ¢s(t — 1,s) for any t € IN. Therefore it
must have a limit point which we denote as a. Since s < ¢, ¢s(t,s) < ¢s(t,e) = e, which implies that
a <e.If a < eit means that a is a fixed point of T'(-, ) that is in (s, e), but this contradicts the definition
of BT[['(+,6)](e). Thus a = e thereby showing that B(e,6) 2 B*[I'(-,4)](e). Analogous arguments can
show that B(e,é) D B~[['(-,6)](e) and thus the desired inclusion holds.

We now show that B(e,8) C BT [T(+,6)](e) UB~[T(+,5)](e). We do this by contradiction, i.e., suppose
there exists a sp € B(e,6) butsy ¢ BT[['(-,8)](e) UB~[[(-,6)](e). This means that either (a) sy < e but
there exists a a € I'(s¢,d) such that a < sg; or sp > e but there exists a a € I'(s¢, ) such thata > s.

Suppose (a) holds. Clearly, sy = a is a direct contradiction to the fact that sy € B(e,J), so lets take
a < sp. This means there exist at least one flow such that ¢(1,sy) < sp. By Lemma OA.3.3 in Appendix
OA.3 this implies that ¢(t,s9) < so for all t. But since e > sy, this implies that (¢(t,s0)); does not
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converge to e, contradicting the assumption that so € B(e,d). If (b) holds analogous arguments also
show a contradiction to the assumption that sy € B(e, ).

Hence, B(e,8) € BT[I(-,5)](e) UB~[I'(+,6)](e), thereby establishing the desired result. O

OA.4 Sufficient Conditions for Locator functions to have well-separated

roots

Lemma OA.4.1. Suppose the locator function is three times continuously differentiable and
 Forany s such that L£1(s,6) = 0, then |L£11(s,6)| > 0.

Then for any root r, there exists an open neighborhood such that no other roots are in it. If, in addition, there exists

a M finite such that |L(s,8)| > 0 for all |s| > M, then the roots are finite.

Proof. We say s is a critical point of the locator function if £4(s,d) = 0. We now show that critical
points are isolated, i.e., for any critical point s, there exists a €5 > 0 such that £1(s,6) # 0 for all s €
(s — €s,5 + €5). We prove this by contradiction, i.e., suppose that there exists a sequence (¢, ), of critical
points that converge to a critical point c. Then by the MVT (and the fact that the locator function is three

times differentiable over a compact domain [—M, M])
L1(cy,6) — L1(c,8) = L11(c,6)(cn —¢) +0(cy —¢),

but the LHS is zero as both are critical points, thereby implying that £11(c, ) = 0 which is a contradiction
to our assumption.

We now show that roots are well-separated in the sense that for any root r there exists a € > 0 such
that |[r — 7’| > € for any other root r’. We prove this claim by contradiction. Le., suppose there exists a
root, r, such that for any € > 0 there exists another root within € distance of r. This implies the existence
of a sequence of roots (7, ), that converges to r. For any interval [r,, r,11] by Rolle’s Theorem there exists
a ¢, such that £1(c,,0) = 0. So we constructed a sequence of critical points (c,),. Since the sequence
of roots converges, this sequence has an accumulation point given byc., which is also a critical point
because of continuity of the first derivative of the locator function. But this implies that c is a critical
point that is not isolated, a contradiction.

If in addition there exists a M finite such that |£(s,d)| > 0 for all |s| > M, then roots are confined to

[—M, M]. Since roots are well separated they must be finite. O
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OA.5 Proofs of Auxiliary Lemmas

Proof of Lemma A.1. Parts 1-2. We only prove the first part because the proof of the second part is com-
pletely analogous and thus can be omitted.

Either I'(s,6) 2 sorI'(s,d) > s. If the latter holds, there is nothing to prove, so we proceed under the
assumption I'(s, d) 3 s. Hence, it remains to show that in this case, if £(s,6) > 0 then there existsa e > 0
such thatT'(s,6) > sforalls € (s,s + ¢).

We do this by contradiction, i.e., suppose there exists a sequence (s, ), converging to s such that for
each s, there exists a s/, € T'(s;,,d) such thats], < s, for all n.

We claim that for each s,, there exists a A > 0 such that 7t(sy,s),) +8V(s},d) > 7(sy, s, +A)+
SV (s, + A, 6) for any A € [0, A]. Since s), is optimal for s,, the previous inequality will hold as long as s/,
is not at the “upper boundary" of Y(s,). Indeed, s/, is not at the upper bounded because if s;, = max Y(s;)
then, since Y°(s,) 3 sy, it follows that s), > s, a contradiction.

Re-arranging terms and taking limits where A converges to zero, it follows that by Proposition 3.1,

0> 1o(sy,8,) +0 max m(s;,y).
Y€ (s},0)

Since this holds for each 1, we can take limits

0> lim mo(s,,s,) +6 im max (s, v).
S e 2(11 n)+ n=c0 yeT(s),8) 1(ny)

Since s, < s, and s, — s, (s),), converges to s. This and the fact that 71 is continuous imply by
the ToM that lim,,—,co max,er (s 5) 771 (8%, Y) = Max,er(ss) 7T1(s,y). So finally, since 71, is conitnuous, the
previous display implies

0> ma(s,s) +5yérr1?§>,<5) m(s y) > L(s,9).

where the last line follows because I'(s, 4) > s. But this violates the assumption that £(s, ) > 0 and thus

arrived to a contradiction.

Parts 3-4. We only prove the third part because the proof of the fourth part is completely analogous
and thus can be omitted. We prove the result by contradiction, i.e., suppose there exists a sequence (Sn)n
converging to s such that for each s, there exists a s, € I'(sy,d) such that s), > s, for all n. We claim
that for each s,, there exists a A > 0 such that 7(s,,s},) + 6V (s}, 8) > nt(sy,s, — A) +6V(s, — A,d) for

any A € [0, A]. The inequality follows from the fact that s/, is an argmax for s,, provided s}, is not at the
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“lower boundary" of Y(s,). This is true because if s;, = min Y(s,) then, since Y°(s,;) 3 sy, it follows that
s;, < sy a contradiction.
Re-arranging terms, dividing by —A, and taking limits where A converges to zero, it follows that by

Proposition 3.1,

0 < 7a(sn,s,) +6 min  7y(s),,y).
Y€ (s},,0)

Since this holds for each n, we can take limits

< . ! . . /
0< nh_r}glo 702 (Sn, Sy,) + 0 nh_r% yerp(lsaé) T1(85,, Y)-
By going to a subsequence if necessary, (s),), converges to s’. Since I is compact-valued and UHC (see
Lemma 3.2), it follows thats’ € I'(s, §), and moreover, by continuity of 7r; and the ToM, lim, min,cr (g 5) 71 (sh,y) -

min,er(s,5) 71(s’,y). This, the fact that 71 is continuous, imply that the the previous display equals

0<7m(ss)+6 min m(s,y).
yer(s,9)

Finally, since I'(s, §) = s by assumption, s = s, so

0<m(s,8)+J min mi(s,y) = ma(s,s)+mi(s,s) = L(s,9).
y€l(s,9)

But this violates the assumption that £(s,d) < 0 and we thus arrived to a contradiction.

O]

Proof of Lemma A.2. PART 1. By Lemma A.1, for which all assumptions holds, we now thateither I'(s, J) >
sorI(s,d) > s for all s sufficiently close to s. Hence, either T'(-,5) > 0 over S°, and ¢ is not a "true" fixed
pointand ¢ = s; or, IT'(+, §) changes signs in 5°. By Lemma OA 3.3 in Appendix OA.3,I'(-,§) cannot “jump
down", so in this case: T'(s,d) = 0 for some s in the interior of S. By Theorem 1 and the uniqueness as-
sumption, such element is e. Moreover, over [s,e), T'(-,6) > 0and T'(e,5) = e. Let ¢ > e be the largest
element such that for all s € [e,c), (s, 6) < 0. Itis clearly that [s,c) C B(e,d). Moreover, if ¢ < 3, then
c is a Skiba point as otherwise c would be a fixed point but it contradicts the assumption of uniqueness.

Finally, for any s € (c,35],T'(s,6) > 0, thus s € B(3,6).

PART 2. By analogous arguments to those presented in Part 1, either I'(5,d) < 5orI'(s,4) < s for all

s sufficiently close to 5. So, either e is not a "true" fixed point, and so ¢ = §; or e is a fixed point of I'(-, ).
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By following an analogous reasoning to that in part 1, we can conclude that there exists a ¢ such that

[s,¢) C B(s,d) and (c,5) C B(e,d). O

Proof of Lemma A.3. By Theorem 1 on side of the inclusion holds, so we only show the other — i.e., if
s € R°[L(-,9)], then s is a (interior) steady state.

Suppose not. That is, suppose there exists a s € S° such that y(s) := I'(s,J) # s but L(s,6) = 0. We
first consider the case y(s) > s.

By strict concavity of 7 it is well-known that s — V/(s, d) is also strictly concave. Then by the FOC,

which are sufficient,

ma(s,v(s)) + 6mi(v(s), T(v(s),6)) = 0

(with equality if y(s) € Y°(s)). Since, by strict concavity, s — V'(s,6) := m1(s,T'(s,0)) is strictly decreas-
ing. This fact, the fact that y(s) > s, and the previous display thus imply

m2(s,v(s)) + dmi(s, y(s)) > 0.

This result and the condition in the lemma imply 0 < maX,cy(s): 4>s 5igN {7M2(8,a) +dm1(s,a)} <
sign { L(s,6) }. But this contradicts that L(s,d) > 0.

Consider now the case y(s) < s. Analogous arguments imply

a(s,7(5)) + 97 (s, 7(s)) < 0.

By the condition in the lemma, min,cy s o5 5igN {2(s,a) + 671(s,a)} > sign{L(s,d)}. This implies
that £(s,0) < 0, a contradiction. O

Proof of Lemma A.4. We first consider the case where e is unstable. By Theorem 1, £1 (e, §) > 0. Therefore,
B[L(-,6)](e) = {e}, and thus there is nothing to prove.

So, henceforth, we take e to be stable. By Proposition OA.3.1, it is sufficient to show
BIT(-,6)](e) 2 B[L(-,0)](e)-

For any s € B[L(-,0)](e), either s < e and L(s/,5) > 0 forall s’ € (s,e), ors > eand L(s',6) < 0 for
all s’ € (e,s) (if s = e there is nothing to prove). We consider the first case — the second case is omitted

as the proof is completely analogous.
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Given that s < e, to show that s € B[I['(+,6)](e) it suffices to show that I['(s/,5) > 0 for any s’ € (s, ¢].
We prove this statement by contradiction; i.e., there exists a s’ € (s, e] such that T'(s,5) < 0.

IfT'(s',0) = 0,thens’ € R°[I(+,d)]. By theorem 1 this implies thats’ € R°[L(+,)], but this contradicts
the fact that s € B[L(-,6)](e). Thus I'(s’,4) < 0.

Therefore, I'(s’,5) < s’. Under our assumption in the text, e is isolated, thereby implying there exists
an open neighborhood of e, (e — 7y, e + 7) for some ¢ > 0, such that s — T'(s, ) is monotonic. Moreover,
since e is taken to be stable, s — I'(s,d) is decreasing monotonic, thereby implying I'(s,§) > s for all
s € (e—1y,e). So, by taken <y sufficiently small, we obtained that I'(s,§) < s’ and I'(s”,8) > s" for (s/,s")
such that s’ < e — 7 < s’ < e. Since s — I'(s,0) is assumed to be a function, it is a continuous one
(Lemma OA.3.1 in Appendix OA.3). Thus, by Bolzano, there exists a ¢ € (s,s") such that I'(¢,d) = c.
But by Theorem 1 this implies that c € R[L(+,d)]. However, since s < s’ and s” < ¢, we found a point ¢
that c € R[L(-,5)] and c € (s,e). This fact contradicts the assumption that s € B[L(-,6)](e).>? O

OA.6 Sufficient Conditions for Condition 4

Lemma OA.6.1. Condition 4 in the Proposition 4.3 is implied by either one of the following conditions:

1. There exists functions F, Gy, Gy such that F > 0and 1t1(s,s") = F(s,s')G1(s) and 1ta(s,s’) = F(s,s")Ga(s).

2.
sup  7a(s,a) — ma(s,s) +0(m(s,a) — m(s,s)) <0, (15)
a€Y(s): a>s
and  inf (s, a) — ma(s,s) + 6(mi(s,a) — mi(s,s)) > 0 (16)
acY(s): a<s

3. Tt + (571'12 < 0.

Proof. (1). By the functional form assumption, £(s,d) = F(s,s)(Ga(s) +G1(s)). Since F > 0,sign{L(s,0)} =
sign{Ga(s) + 6G1(s) }. On the other hand, sign {72(s,a) + dm1(s,a) } = sign {F(s,a)(Ga(s) +0Gi(s))} =
sign{Gy(s) + dG1(s)}. Thus condition 4 readily holds (with equality)

(2). Take any s € S° such that 0 = L(s,d). Then, forany a € S,

0=L(s,6) = ma(s,a) + 6mi(s,a) — {ma(s,a) — ma(s,s) + 6(mi(s,a) — m1(s,8)) }.

32The assumption of s + T'(s,J) being a function is used to obtained this contradiction. Otherwise, the point ¢ could be a
Skiba point (a point where I'(+,d) "jumps") and will not be “picked up" by L.
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If a > s, then by condition 15, the term in the curly brackets is negative, so 712(s, a) + é71(s,a) < 0. Since

this holds for any a > s, it follows that SUP,ey (s) 12(s,a) + 61 (s,a) < 0.

1 a>s

If a < s, then by condition 16, the term in the curly brackets is positve, so 72(s,a) 4+ d71(s,a) > 0.
Since this holds for any a < s, it follows that inf,cy(s). o5 7T2(s,a) + d711(s,a) > 0.

Hence, condition 4 holds.

(3). We show that 7o + 67112 < 0 implies the conditions in part 2. Take the case a > s. By the MVT,

condition 15 can be cast as

1
sup / (1t2(s, s+ t(a—s)) + émia(s,s +tHa—s)))dt x (a—s) <0
acY(s): a>s /0

which is implied by

1
sup (1t22(s,5 + t(a —s)) + 67m1a(s, s + t(a —s)))dt < 0.

a€Y(s): a>s /0

For the second condition in 15 a similar expression holds:

inf /1(7122(5,5 +t(a—s))+oma(s,s+t(a—s)))dt > 0.
0

acY(s): a>s

A sufficient condition for these inequalities is
(7122 + 07112) (5,8") <0 (17)

forany s € R°[L(-,6)] and s’ € Y(s).

OA.7 Extensions of Application 5.2

OA.7.1 Import foreign variety

Suppose we allow for foreign variety of good 1, and set the utility from good ¢y, domestic c; and foreign
variety cj is

U(co, e1,01) = u(e1) +u” (e1) + <o,
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and assume that the price of foreign good 1 is fixed at p;. Assume that this economy is endowed with
1 unit of inelastic label supply, so Assumptions 2 and OA.1.1 hold trivially. Next Lemma verifies the

Assumption 1 in this extension.

Lemma OA.7.1. If y(c}) := —% is always larger than 1, Assumption 1 holds.

Proof. By Envelope Theorem, we have the same 71(s,s’) = u'(c1(s,s’))H'(s)F(s’), which is positive.
Besides the good 1 export decision, there is another consumption allocation problem. Given each cy, s, s':

maxu* (cj) +co, st pic +co = pler)er +G(1—¢").

i

Basically, the planner should leverage the revenue from exporting good 1 and (potentially) 0 to finance
its consumption of foreign variety of good 1 and good 0. Even though the economy is not necessarily
able to achieve an interior solution, our framework can always handle it.

The interior solution of the consumption allocation problem requires u*/(cf) = p1, which means

consumption of foreign variety of good 1 is constant. If the export revenue is larger than p;cj,

pler)er +G(1 —5s") > picj,

e—1

the first order condition for good 1 export decision, u'(c;) = £

p (e1), holds and analysis in the Lemma
5.2 remains valid.
If the economy cannot afford to purchase enough foreign variety of good 1 to achieve u* (c7) = p1,

we can approach the monotonic condition differently. We have

1 dci(s,s') ..,
v(c1)er(s,s’)  os FsD

(s, ") = u'(c1(s,s"))H'(s) [P’(s’) —

€1+G(175’))p(6’]) (1 . l)
c):

while we have the first order condition for exporting decision u'(c;) = u* (£ (@) o "

Fix s and differentiate it, we have

5 m 1 * 1 / /_17% ! 1 _/M
acl(S,S/) B p1 { p1 : [1 S]+u p(el)}H(S)F (5) u G(l S) L

o Lo p2e ’
» wilen) + Tt {0 [ 1] (e}
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Substitute it into the 7112, we have

p RO - 1) ) () - e G e
mia(s,s’) = u'(c1) H'(s)F'(s") |1 — ——

1,1 %2 ’
2 u”(cl) + Pl€ {” Z1(61) [1 - %] +u* p/(el)}

Focus on the terms in the bracket,

1_% 2 1 « 1—% « G'(1—s")F
! 1m{u§1(€1) 1=l +u p'(el)}H(s)P‘m“ g

_1 ) ’
T e+ (R - e e) Lo

Divide 1’ above and below the fraction line of the second term, and note that v/ = u* % (1 — l),

w’pler) 11 17 4 Pler) _w" G'(1=s)F 1
B R Il

; u//(c})Cl + {M*”P(ﬂl’l) [1 - %] + F;;((:ll)) } C1

Use e; = H(s)F(s') — ¢1 and the definition of 7, 77 to get

{_P(fl) [1_1] 1 }(C1+61)—|— 1*(;/(11:—,5/)13
1—

neip1 € eey n7p1c

1+{ ,]C(p)l 1-1] - Sel}'ycl

Since we are at a corner in which there is no consumption of good 0 then we have pic] = pe; + G.

Substitute pic] to this term, we have

g L=+ fre it - - & @+ ) + g

1+{W[1—ﬂ Eel}’ycl

Then, we can rearrange terms, and get

G'(1—x)F
(’Y - 1) {q(pe +G) [1 - 7] t geq } €1+ (1 U(pifiG)) [1 - %] + ry(pe}—&—G) (P/ )
1+{W 1]+ 531}7‘31

We note that if y(c;) > 1, > 1,7(cj) > 1, this expression is always positive. Henceforth, 771, is still
positive. The intuition for condition # > 1 is that we need the utility of foreign variety of good 1 of less

curvature, so that more production of good 1 will induce more purchasing of foreign variety rather than
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too much domestic variety. And then the marginal utility of good 1 will not decrease too fast. O

OA.7.2 Closed economy with CES preference

We allow constant elasticity of substitution between good 0 and 1 in a closed economy. Suppose the

economy is endowed with 1 unit of labor, so S = [0, 1]. The current utility for the closed economy is

LY (ST
U(co,cl)—,y_l(CO +c > ,

so we can rewrite the per-period payoff function as follows

~—

rlss) = L7 (60 =) + (HEF) ) T

Obviously, this setting satisfies Assumptions 2 and OA.1.1, and the following Lemma provides a suffi-

cient condition to ensure Assumption 1 holds.

Lemma OA.7.2. If 1 < v < 7, the closed economy with CES preference satisfies Assumption 1.

o o1\ L1
Proof. 1t follows that 7ty (s,s’) = <(G(1 — s’))Tl + (H(s)F(s’))T1> '

and

1=l o 9
o1 o1 o1 1 1 o —1 o1 =1
M1a(s,8') = (co” +ef ) ! (HF) ¢ {(U - ;)H/F- (HT FsF — GG + %H’F’ (co” +ef )}

Next, let’s focus on terms within the brace, which can be simplified as

(- Yy HE)S HE + <1 - 1) FGEG + HPGH I
0% Y o o
It is positive when 1 < 7y < 0. O
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