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Abstract

We present a new multivariate distribution with Pareto distributed tails and max-
ima. Compared to uncorrelated univariate Pareto distributions, it features one addi-
tional parameter that governs the covariance of its realizations. We argue that it has
a number of aggregation properties that make it useful for applied work alongside
multivariate Gumbel and Fréchet distributions. In particular, it is well suited for ap-
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1. Introduction

The Pareto size distribution is one of the most ubiquitous empirical relationships in the
natural and social sciences. It has been used to describe the distributions of, among
other things, incomes, wealth, productivity, firm sizes, stock returns, and city popula-
tions (see e.g. Birkner et al. (2023), Hsu et al. (2023), Gabaix (2009) and the references
therein). Because of its empirical prevalence, but also its mathematical simplicity, the
Pareto distribution has become an extremely important statistical tool for scientists
across disciplines (see e.g. Gabaix (2009) and Gabaix (2016)). Typically, the modeling
of these statistical processes implies independence of the different Pareto realizations.
However, for a large number of empirical and theoretical applications, such as natural
disasters, stock returns, and firm sales across multiple markets, realizations could be
closely correlated while Pareto size distributions still prevail.!

In this paper we describe a multivariate distribution that explicitly allows for corre-
lation across different draws and exhibits Pareto marginals. In addition, the maximum
is distributed Pareto, and conditional distributions have a convenient, tractable form.

In particular, we show that the function

H(z) =1~ (Z (m;@)”“"”) 7 M

=1

with support

z > T"? for all i, where

n 1=p
T= (Z Tl.l/(l_p)> ,T; > 0 for all ¢,
=1

6 > 0and p € [0, 1), is a joint cumulative distribution function for the vector of random
variables (71, ..., Z,), where H(z) = H(z,...,2,) = Pr(Z, < z,...,Z, < z,).> We also
show that this distribution has marginals that have Pareto tails, and that max{Z,, ..., Z,}
is distributed Pareto. The different parameters of the distribution have natural interpre-

tations: the parameter ¢ determines the heterogeneity across realizations of different

'For example, Jupp and Mardia (1982, p. 1023) characterize the joint distribution of incomes across
successive years, allowing for correlation and Pareto tails. Chiragiev and Landsman (2007) model corre-
lated losses with Pareto tails and study their implications for tail risk and capital allocation.

2The distribution (1) has finite mean if # > 1 and finite variance if § > 2.



vectors, while p determines the heterogeneity of the realizations of a single vector.

Since the introduction of multivariate Pareto distributions of the first and second
kind in Mardia (1962), a wide variety of multivariate Pareto distributions have been
proposed. Many of these examples and generalizations are surveyed in Arnold (1990),
Arnold et al. (1992), and Kotz et al. (2000). Our distribution generalizes the bivariate
construction in Nelsen (2006) that results from combining a non-strict Archimedean
copula with Pareto type-I marginal distributions.

To illustrate the relevance of our multivariate Pareto distribution (MVP), we study
discrete choice problems and compare the implications of using the MVP with those
obtained under commonly used alternatives, including the multivariate Gumbel and
multivariate Fréchet distributions.® A key distinction is that, under the MVP, both the
distribution of the maximum utility and the joint tails of the choice-specific shocks ex-
hibit Pareto behavior, whereas the Gumbel distribution has Gumbel distributed maxi-
mum and exponentially decreasing tails, and the Fréchet distribution has Fréchet dis-
tributed maximum and tails that exhibit polynomial decay.

We furthermore discuss two key statistics that are useful for applied work and aggre-
gation, and illustrate the properties of the MVP vis-a-vis multivariate versions of the
Gumbel and Fréchet: the joint distribution of the maximizer and the maximum be-
ing above a certain threshold, and the distribution of the maximizer conditional on the
maximum being above a threshold. We argue that while the conditional probability has
the same tractable algebraic structure in both MVP and Fréchet cases, their joint prob-
abilities are different.

We finally analyze the resulting implications for choice probabilities, aggregate out-
comes, and the suitability of each specification across different economic applications.
We conclude that the MVP is best suited for economic problems with a participation
threshold, such as firm entry in monopolistic competition models following Melitz (2003).
By contrast, it is less convenient in settings without such thresholds. Thus, for example,
the MVP is not well-suited to Roy-type labor market models unless one modifies the

standard framework by assuming that workers choose to participate in the labor mar-

3The multivariate Gumbel distribution is a member of the GEV class introduced into discrete choice
by McFadden (1978). The multivariate Fréchet distribution corresponds to a max-stable extreme-value
specification with Fréchet marginals and was popularized in quantitative trade by Eaton and Kortum
(2002).



ket only if the resulting income is above some threshold. Such an extension, however,
is not unrealistic. For example, a participation constraint can be quite relevant to ex-
plain the decline in the labor force participation of low-skilled workers, the topic of an

emerging literature in labor economics (Binder and Bound (2019), Aguiar et al. (2021)).

2. ABivariate Example

To understand the properties of our MVP and the difference with known distributions

we first study a known bivariate example. Consider the joint cumulative distribution
G(21,22) = 1 — [(Toz ) 00) 4 (Tyey )/

with support implicitly defined by (2, z,) such that (T}z;%)"/(=°) 4 (Ty2,%)V/ (=) < 1,

This distribution can be seen as resulting from the Archimedean copula

1-p

C’(ul, ug) = max {0, 1— [(1 _ ul)l/(l—p) + (1 - u2)1/(1—p)} } :

where G(z1,22) = C(Fi(z1), F5(22)) and where Z; is distributed Pareto with Fj(z;) =
Pr(Z; < z)=1-Tyz fori=1,2.4

In order to better understand the role of p in this bivariate example, we can study the
upper tail dependence (\y) of the copula. Roughly speaking, \; gives the probability
that 7, is large given that 7, is large, and vice versa. Formally, this is found by taking the
limit of the conditional probability Pr(F;(Z;) > u | F5(Z2) > u),

1 —2u+C(u,u)
1—u

=92 9l-r

As p — 0, \y — 0, so that if Z; is large then 7; is large with probability 0, while as p — 1,
Av — 1, so that if Z; is large then Z; will also be large with probability 1.
The distribution G(z, z2) has the property that Z = max(Z;, Z) is distributed Pareto

with the cumulative distribution F(z) = 1 — Tz~% with support z > 7/, Moreover, the

4This is copula 4.2.2 in Nelsen (2006).



joint probability that j = arg max; Z; and that Z; > z is simply

71/(1=p)

Pr (arg max Z; = j MNmax z; > z) S —l 2)
i i T1/(1-p)

This is a convenient property for many economic applications. For example, as explored
in Arkolakis et al. (2018), multinational firms can produce a good in many locations and
will choose the location with higher productivity (controlling for other determinants of
cost). If productivity in location i is z; and if G(z1, 22, ..., 2,,) is the distribution of produc-
tivity across locations, then we may need Z = max(Z, ..., Z,) to be distributed Pareto
so that sales across firms in a market is approximately Pareto, which is what we tend to
observe in the data (atleast in the right tail). In addition, having property (2) proves very
convenient for analytical tractability.

Unfortunately, extending the distribution G(z, 22) to three or more variables cannot

be done since the copula C'(uy, us) is not strict (see Nelsen, 2006). Thus, the function

H(Z) =1- <zn: (]’;Z;G)l/(l—p)> _

=1

with domain defined implicitly by 37, (Z;z;?) YU < 1 is not a distribution for n > 3.
Moreover, to the best of our knowledge, there are no other multivariate distributions
for n > 2 that have Pareto tails and Pareto distributed maximum.® In this paper we
show that we can modify the support of the distribution to make it an N-box defined
by z; > T/ for all i, where T = (Z?:l Til/ (1=p )> 17'0, as in the distribution introduced in
(1). We also discuss a number of properties of this distribution that may be useful for
applied work.

The distribution we present in this paper has a number of convenient features that
have already been exploited in recent work. Arkolakis er al. (2018) uses it to model
the decision by individual firms about where to locate plants to serve different desti-
nations in a way that yields tractable expressions for aggregate analysis. They also de-

scribe a procedure to estimate the two key parameters, ¢ and p using international and

SWe have evaluated the multivariate Pareto distributions in Mardia (1962), Arnold (1983), Hanagal
(1996), Li (2006), Asimit et al. (2010), Su and Furman (2017), as well as the copulas in Table 4.1 on page
116 in Nelsen (2006). In none of these cases the maximum is distributed Pareto.



United States data on trade and multinational production. This has been followed up
by Wang (2017) and Shen (2024), who extend the model in Arkolakis et al. (2018) to allow
for economies of scale and corporate taxation, respectively. In a separate application,
Eaton and Kortum (2018) use it to model trade in goods and services.

In the next section we discuss the properties of this distribution that make it useful
for applied work, while in Section 4 we prove that H (z) is a proper distribution. Section
5 discusses potential applications of the MVP in economic problems of firm trade and

multinational production and labor supply to multiple occupations or sectors.

3. Distributional Properties

3.1. Properties of the Proposed Distribution

Below we state some important properties of the distribution in (1). All the proofs can

be found in the Appendix.

i. The maximum is distributed Pareto. 7 = max(Z, ..., Z,) is distributed Pareto of
type I (Arnold, 2015) with shape parameter 6 and scale parameter 7%/¢ — that is,
Pr(Z <z)=1-Tz".

ii. Conditional probabilities. The joint probability that argmax; Z;, = jand Z; > =

for z > T'/? has the following convenient form:

T_l/(l—P) .
Pr <argmaXZi —jNmaxZ;>z)==L—Tz"°
i i T1/(=p)
Combined with property (i), this implies that
T‘l/(l—ﬂ)
Pr(argmaXZi:j]maXZizz): J )
i i T1/(1=p)

iii. Marginal distributions. To study marginal distributions we need some additional
notation. Let N,, = {1,2,...,n}, let £ be some nonempty proper subset of N,,, and

let m(§) be the cardinality of set £&. For m(¢) < n the lower-dimension marginals



iv.

Vi.

are ,
H(z€) =1~ (2 (m;ﬂ)”“‘”’)
1€€
with support z; > T%/? for i € ¢. For the special case in which m(¢) = 1, so € = {i}
forsome i € N, then H(z;¢) = Fi(z) =1 — Tiz°.

Discontinuities at the boundary. The lower-dimension marginals H(z;¢) (with
m(€) < n) are discontinuous at any point z with z; = 7/ for i € ¢. Focusing again
on the special case with { = {i} for some i € N,,, then the discontinuity at z with
2z = T/ can be seen by noting that F,(T"/) = 1 — T;/T > 0 while F,(T"/? —¢) = 0
for any positive . The distribution H(-) is also discontinuous at any point z in
which z; = T/ for some i except if z; = 7"/ for all i — that is, H( -) is continuous in
(T, oo]™ U {z*} where z* = (TV0,... | T'/?).

Pareto tails. The conditional marginal distribution for z; > a > T'/9 is Pareto of
type I (Arnold, 2015),
\ -6
a

We interpret this result to mean that the distribution H(-) has Pareto tails. Of

course, the same property holds in the Archimedian copula of Section 1.

The role of p. The upper tail dependence parameter between Z; and Z; is

which is the same as that of the Archimedian copula in Section 1. Note also that,

as in the bivariate distribution in Section 1, as p — 1, we have
H(z) —» min{Fy(z1),..., F.(z2)},

where F;(-) is the one dimensional marginal for each :. This implies thatas p — 1
our distribution H (z) converges to the Fréchet-Hoeffding upper bound copula and
in this case Z;’s are not only comonotonic (Dhaene et al., 2002) but also pairwise
perfectly correlated. On the other hand, if p = 0, then the proposed distribution

H(.) is singular; concretely, the density is zero (i.e., h(z) = 0) almost everywhere



on R" and the distribution is concentrated on the set (! {(z1,...,2,) : 2 > z; =
T/ for all j +# i}, which is of Lebesgue measure zero. Note that with p = 0 we can

write

n

H(z) =Y (T,/T)(1 - T%"),

1=1
with T = >_;—1 T;. This is equivalent to choosing i with probability 7;/ T and then
having Z; = T"/? for all j # i and Z; distributed according to Pr(Z; < z;) = 1Tz

vii. Stochastic dominance with respect to 7. If 7] > T; for all : then Hy» (z) stochasti-
cally dominates Hr (z): Hy (z) < Hr ().

viii. Stochastic dominance with respect to 6. Let ¢ > 6 and T"/° > 1; then Hy (z)
stochastically dominates Hy (z): Hy (z) > Hy (2).

3.2. A Brief Comparison with Multivariate Gumbel and Fréchet

Distributions

Our proposed MVP features a Pareto-distributed maximum (Property i above) and Pareto
tails (Property v above). These two properties are particularly useful for applied work
but are absent from other multivariate distributions commonly used in applications.

To facilitate comparisons with two important multivariate distributions widely used
in economics, we collect the relevant results in the next two Propositions. In contrast
to our proposed distribution, we show that the multivariate Gumbel has a Gumbel-
distributed maximum and exponentially decreasing tails, whereas the multivariate Fréchet
has a Fréchet-distributed maximum and tails that exhibit polynomial decay.®

Let (Z,..., Z,) follow the distribution with its cumulative distribution function F.

We have the following two results.

Proposition 1. Consider the generalized extreme value (GEV) distribution in McFadden
(1978, p. 80)

F(z1,...,2n) = exp[-G(exp{—21},...,exp{—2,})] for (z1,...,2,) € R,

6Although these results may not be new in the literature, they are collected in Propositions 1 and 2 for
ease of comparison, with proofs in the Appendix.



whereG : R} — R is a nonnegative function satisfying the following assumptions:

a. G is homogeneous of degree one; b. G(ey,...,e,) — oo ifanye; — oo; c. the
cross-partial derivatives of G satisfy,
oG 0*G PG

S . < o
3e, = 0 forall i, Desder = 0 forall j +#1, —3ek86jaei

>0 forall k+# j+#1,

and so on for higher-order cross-partial derivatives.
The following properties hold:

(i) The recentered maximum, max{Z,...,Z,} —log{G(1,...,1)}, follows the univari-

ate standard Gumbel distribution; in particular,

Pr(max{Z,...,Z,} < z) =exp{—exp{— (z — log{G(1,..., 1) })}}

for every real number z.

(v) The tails exhibit exponential decay: For every z, a withz > a > 0,
(1+g)  exp{—(2 —a)} <Pr(Z; > 2(Z; > a) < (1+ gi) exp{—(2 — a)},

where g; = G(1;) with 1; being the n-dimensional vector with its ith element equal to

one and the remaining elements equal to zero.

Next, we present corresponding results for the multivariate Fréchet distribution (e.g.
Eaton and Kortum 2002; Lind and Ramondo 2023).

Proposition 2. Consider the Fréchet distribution
F(z1,...,2z,) = exp[—Hg(z1,...,2,)] for (z1,...,2,) € RY,

where Hy : R} — R, is a nonnegative function with 0 > 1 and satisfies the following

assumptions:

a. Hy is homogeneous of degree —0; b. Hy(z,...,z,) — oo ifany z — 0, and

Hyo(z1,...,2,) = Ezi‘e for some constantT; > 0 when z; = oo for all j # i; c. the



cross-partial derivatives of Hy satisfy,

OH, . 9%H, ., . 0°Hy
< < -
95, = 0 forall i, D05 = 0 forall j+#1i, 5220205

<0 forall k+# j+#1,

and so on for higher-order cross-partial derivatives.
The following properties hold:

(i) The rescaled maximum, max {Z,, ..., Z,} [Hy(1,...,1)]"Y9, follows the univariate

Fréchet distribution with shape parameter 0; in particular,

for every positive real number -.

(v) The tails of this multivariate Fréchet distribution exhibit polynomial decay. For ev-
ery real numbers z and a with z > a > 0,
a’ T, + a’

T T 5 SPr(Zi > 2|Z; > a) <
i z

0

To summarize, these popular cases in the literature have analytical formulas for prop-
erties (i), (v). But the rescaled maximum and the tails of these distributions inherit the
shapes of their corresponding distributions while the MVP exhibits Pareto maximum
and tails.

Furthermore, the joint and conditional probabilities of the multivariate Gumbel and
Fréchet distributions, which bear some resemblance to Property ii in Section 3.1, might
be of interest in their own right. A convenient form for those probabilities, however,
necessitates more mathematical structure. In what follows, we present the relevant re-
sults for the joint and conditional probabilities associated with multivariate Gumbel
and Fréchet distributions that are commonly used in literature.

A leading example of McFadden’s (1978) GEV distribution is the multinomial logit
model with G(ey, ..., e,) = >_"_, ¢;, in which the joint and conditional probabilities with
respect to a minimum value z are, respectively,

1
Pr <arg max Z; = j Nmax Z; > z) = —[1 — exp{—nexp{—2}}]
7 2 n
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and
. 1
Pr (argmaxZi = jlmax Z; > z) =—
% 1 n

for every z € R and every j = 1,...,n. Another example, given in Bhat and Guo (2004,

pp. 151-152), is the spatially correlated logit model with
n—1 n i
Glersven) =D Y [(aige)? + (a5¢,)7]"
i=1 j=i+1

where 0 < «;;; < 1foralliandj,0 < p <1, " a;;; = 1foralls, and e; > 0 for all 4.

_ 1h
Letting c, = G(1,...,1) = Y1550 [O‘%? + a;/iﬂ and

i (-1 -
n 1 1 1 ep .
k=2 [Ql,/lpk + ak,/lpk] 041,/1pk7 ifj =1,
e =dsm i 1010 v s [ e 1T 8 e < i
o) = 2k=jt |k T Qi a2 o [l + oyl Q. U2<j<n-—1,
i (-1 -
Sl aln ] el ifj =n.
we have
Pr (arg max Z; = j Nmax Z; > z) -] [1 — exp{—cyexp{—2}}]
and
Pr <argmaxZi = jlmax Z; > z) = Cod
7 7 Co
foreveryz €« Randeveryj =1,...,n.
Taking correlation among 7, . . ., Z, into account, Eaton and Kortum (2002) consider

the multivariate Fréchet distribution,

Hy(z1,...,2n;0) =

> |

i=1

for some # > 1 and ¢ € (0,1].” The corresponding joint and conditional probabilities

’A special case of this distribution is the case of uncorrelated draws, ¢ = 1 considered by Hsieh et al.
(2019, p. 1444).
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under this distribution are

1/e0 n 4
_ 4 _ J _ _ 1/e -0
Pr (arngaXZi =JN mZaXZZ > z) = S 7o 1 exp{ ZTl z }]
i=1"i i=1
and
Tl/Q
Pr (argmaXZi = jlmax Z; > z) =—7
i i S ! Ti/e

Focusing on property ii, the joint probability under the multivariate Fréchet distri-
bution differs from that under the MVP, while the conditional probability has the same

algebraic structure in both cases.

4. A Multivariate Pareto Distribution

To simplify the exposition, we assume that 7 = 1. This is without loss of generality,
since we can apply the simple transformation Z; — T(~'/9 7, for each i to get this form.
Then, defining the distribution on R", we have

1— [ZLI(T-Z-_Q)(U(I*'D))]l_p ifz € [1,00]™;

ad}

H(z) =
0 if z; < 1 for some 7.

In the rest of this note we show that H(-) is indeed a distribution function. To do so, we

need to show that H(-) satisfies the following two conditions (see Nelsen (2006) page 46).

Condition 1 (Lower and upper limits)

lim,_, o H(z) = 1and H(z) = 0 forallz € R" such that z; = —oo for at least one i.

Condition 2 (n-increasing)
H() is n-increasing. Formally, for any two vectors a,b € R" with a < b and
B = [a,b]= [a1,b1] X ... X [an, b, the n-box formed by the vectors a and b, H is

n-increasing if and only if

Vi (B)= ) sgn(c)H (c) >0,
c€O(B)
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where O(B) is the set of vertices of B and sgn (c) is given by

1, if ¢;, = a;, for an even number of k’s;

sgn(c) =
—1, ife, = ai for an odd number of &’s.

Condition 1 holds because lim, ., H(z) = 1 follows directly from lim,, ., 2, 6/0=p) _

0 for all i and H(z) = 0 for z ¢ [1,00]". Indeed, we have H(z) € [0,1] for all ze R".
Since [Z?:l(Tizi‘e)l/(l‘p)]l_p > 0 then H(z) < 1, and since H(z) is increasing in each
z; (for z € [1,00]™) then to show that H(z) is non-negative it is sufficient to note that
H(1,1,..,1) =0.

The challenge in proving that H () is a proper distribution lies in showing that Con-
dition 2 holds. It is of course easy to establish that Condition 2 holds if % exists
at the entire support of the distribution. But as we explained in the previous section, the
function is discontinuous at the boundary of the support, and thus this derivative does
not exist there. This observation shows that the n-increasing property is not obvious
because of discontinuity at the boundary of the support.

Since this discontinuity is irrespective of Paretian properties, we consider a generic
function G(-) with discontinuity at the boundary of the support [1, co|" and first estab-
lish a general theorem, which shows that if the function G(+) has a discrete component
along a square, and is smooth everywhere else, then it is n-increasing. We then check

conditions of this theorem to show H(-) is n-increasing.

4.1. Main Result

We introduce some additional definitions. Let N,, = {1,2,...,n} and consider an n-Box

B. Let A(c; B) = {k|cx = a} and m(S) the cardinality of the set S, then we can write

For future reference, we refer to V;(B) as the G-volume of the box B. For any proper
subset ¢ € N,, let [(€) = n — m(€). Letxe R, let x(€) be the vector in R'® defined by

taking out from x all the elements i € ¢, and let X(¢) be the vector in R” with i-th element
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equal to one if i € ¢ and z; otherwise. Let G¢ be a mapping from R

to [0, 1] defined
as G : x(§) — G(x(€)). Finally, define ¢ to be the empty set.? Loosely speaking, we can
think of V¢, ([a(¢), b(¢)]) as the G-volume of [a, b] in /(¢) dimensions.’

To prove that G(+) is n-increasing, we split any n-box B into sub-boxes, each of which
is either all outside or all inside the box [1, o], but never crossing the 1-axis. We show
that the G-volume of the box B is the sum of the G¢-volume of these sub-boxes and
that each G¢-volume is non-negative. Before we prove the main result below, let us first
illustrate the split of a 2-box.

Figure 1 shows two possible 2-boxes. In Panel A, we consider a 2-box B = [ay, by] x
lag,bo) Witha; < 1 < by and 1 < ay < be. Setting a* = (1, az), we can decompose the

G-volume of the box B as follows:

Vg<B> = G(bl, bg) — G(bl, (12) — G(al, bg) + G(CLl, (IQ)
= [G(bl, bg) - G(bl, CLQ) — G(l, bg) -+ G(l, CLQ)] + [G(l, bQ) — G(l, CLQ)]
= Vo([a', b]) + Vo, ([2*({1}), b{1})])-

Similarly, in Panel B, we consider a 2-box B = [ay, b;] X [a2,bo] With a; < 1 < b; and
ay < 1< byandleta* = (1,1) . The G-volume of this box can similarly be decomposed

as follows:

Va(B) = Va([a", bl) + Vo, ([a"({1}), b({1})]) + Vo, ([2"({2}), b({2})])-

Note that we need not add the box corresponding to ¢ = {1, 2} = N, since this box obvi-
ously has zero volume. As proved in Theorem 1 below, the decomposition of a general n-
box is valid and each G volume is non-negative as long as its density g, is non-negative
on (1,00]"®, Tt is thus obvious that the function G(-) is n-increasing. A general theorem

is stated as follows.

Theorem 1. Suppose a function G : R" — R satisfies (i) G(z) = 0 forz ¢ [1,00]", (i)

g(z) = % > 0 on (1,00]", and (iii) g(-) = %ifé')) > 0 on(1,00]"® for each nonempty

¢ #N,. ThenG(+) is n-increasing.

8For example, for n = 2 and ¢ = {1}, we have x(£) = x3, X(¢£) = (1,x2) and G¢(x2) = G(1,22). If € = ¢
the empty set, we have x(¢) = %(§) = xand G¢ = G, = G.
%In the example above with n = 2 and £ = {1}, Ve, ([a(€), b(¢)]) = G(1,b2) — G(1, az).



14

Panel A Panel B
Tr1 = 1 Tr1 = 1
(a1,b2) (1,b2) (b1,02) (a1,b2) (1,b2) (b1, b2)
(al,ag) (1,(12) (bl,ag) ((Ll,l) (11) (bll)
To = 1 To = 1
(a1,a2) (1,a2) (b1, a2)

Figure 1: Decomposition of the G-volume of a 2-box

Proof. The proof is deferred to the Appendix. O

Remark 1. Condition (iii) in Theorem 1 ensures that functions G are smooth on (1, c0]'®)
so that the G¢-volumes are non-negative by the fundamental theorem of calculus. The
functions gc may be regarded as densities on (1,00]'® and can be calculated from the
function G so that Condition (iii) is easy to check from the function G. For example, con-

sider a function

el ) 2 7L d(@y, @e; p)dandas,  ifz > 1 and z > 1;
21,72, pP) =
0, otherwise,

where ¢(-, -; p) is the density function of the centered bivariate normal with variances one

and covariance p € [0,1). Conditions (i) and (ii) hold clearly. It is also easy to show that

1 1
9{1}(U;p)=/ (w1, u;p)dry >0 and gy (u; p) =/ d(u, z9; p)dxy > 0.

Applying Theorem 1, we conclude that G(-,-; p) is 2-increasing.

Equipped with Theorem 1, we now turn to show that the function H(-) defined in (1)
is indeed a distribution function. As stated in the beginning of Section 3, H(-) satisfies

Condition 1. To establish that H(-) is n-increasing, we need to check conditions (ii) and
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(iii) of Theorem 1. Note that the density of H on (1, co]™ is

n

(1-p—n)
> (=) W] 7

i=1

h<z>:<1—p>(1%,))n[ﬁ< ”H (1) >]

=1

which is non-negative. Moreover, simple calculation shows that for each nonempty ¢ #

N,
te(x() = 2]
oo () M9 -a- e, e o
0Q(¢), otherwise,
where

(1—p=1())
|:HX1TX91P][ZT1"+Z TX_O )

i€N, \& (IS3 i€NR\§

These results are summarized in the following corollary.

Corollary 1. The function H(-) defined in (1) is indeed a distribution function.

5. Applications

The multivariate Pareto distribution analyzed here was introduced in Arkolakis et al.
(2018), where its key properties were exploited in a model of multinational produc-
tion. Subsequent work has built on this structure to model firm heterogeneity and loca-
tion sorting in environments with correlated shocks, leveraging features such as Pareto
marginals, a Pareto-distributed maximum, and a tractable dependence structure. In
particular, the Pareto marginals have been used in the multinational production litera-
ture to capture the heavy-tailed distribution of firm productivity across regions, shaping
endogenous firm location choices (Lan, 2019; Li, 2025; Liu and Ma, 2023). Xiang (2023)
embeds this structure into a semi-endogenous growth framework, where plants draw
ideas with different productivities across locations governed by the MVP. The Pareto-

distributed maximum delivers closed-form solutions for a firm’s choice of its most prof-
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itable market, as illustrated in studies of online retailers (Li, 2025) and multinational
firms (Fan and Luo, 2026).

Property (ii) of the MVP follows from structural features of extreme-value distribu-
tions that it shares with the multivariate Fréchet distribution, as shown above. As a
result, both the MVP and the Fréchet yield convenient CES-like expressions for condi-
tional shares, but with one key distinction. The MVP delivers such expressions only in
models with truncation, and only when the truncation threshold is sufficiently high that
we do not have to integrate over the boundary. By contrast, the Fréchet yields CES-like
expressions only in the absence of truncation. We illustrate the distinct applicability of

these distributions with two examples.

Trade and multinational production. Consider the trade and multinational produc-
tion model in Arkolakis er al. (2018), which assumes that productivity is distributed MVP.
The model features a Melitz-type fixed marketing cost to serve any given market n. Fo-
cusing on sales by firms from a given Home country i to a destination n, Property (ii)
of the MVP implies that the share of those sales produced in location / takes a CES-like
form as long as the lower boundary of the support of the MVP entails productivities that
are too low to be profitable when serving market n. Specifically, ignoring trade and MP
frictions here for simplicity, and letting w; denote the wage in country ! and ¢ denote
the unit-cost cutoff to serve market n, the key assumption for tractability in Arkolakis
etal. (2018) is w; > ( I Ti}/(l_p)> v forall i, /,n. As is typical in Melitz (2003)-style mod-
els, this assumption implies that for any i, /, n there are always productivity draws for
firms from 7 producing in [/ that are too low to profitably serve market n. In this case,

aggregate sales in market n by affiliates in j of firms from 7, denoted by X, satisfy

Xijn (Tg;") ™
-

El Xiln B ZZ (T’lel—e) 1—p

The same expression holds under the Fréchet specification, except that one must as-
sume away fixed marketing costs. This is the approach followed by Ramondo and Rodriguez-
Clare (2013), who assume perfect competition with constant returns to scale and no
fixed costs.



17

Roymodel. Next, consider the Roy model as in Lagakos and Waugh (2013), Hsieh et al.
(2019), and Galle et al. (2010). This literature typically assumes that sectoral productivity

(Z1, ..., Zk) follows a multivariate Fréchet distribution. Given wages per efficiency unit
(w1, ..., wg), akey implication is that the share of workers choosing sector £ is given by
_1
(Tew?) ™
T — ﬁ
> (Tiwp) e

Moreover, the Fréchet assumption implies equalization of average income across sec-
1

tors, “:&t — £W(w), where ¥ (w) = (Zj(Tng)l%p) & isthe supply of efficiency units

L

to sector k, L is the total number of workers, and £ is a constant.

Assuming that productivity is distributed MVP instead of Fréchet yields the same
allocation once a cutoff is introduced. For example, suppose workers drop out of the la-
bor force if max; w;z; < m. If m is sufficiently large—so that no agent would be willing to
work with a productivity at the boundary of the distribution—the CES-like expression
for 7, remains valid under MVP!? The income-equalization result ffT% — £¥(w) contin-

ues to hold as well, except that £ now depends on the cutoff m and ¥ (w) = [¥(w)]’.

6. Conclusion

Since its introduction in Arkolakis er al. (2018), the multivariate Pareto distribution has
become a practical tool across a small but growing body of applied and theoretical re-
search in international trade, spatial economics, and innovation. Across these diverse
applications, the distribution has proven to be both flexible and tractable, offering re-
searchers a robust framework to model rich patterns of heterogeneity and spatial sort-
ing while preserving analytical tractability. We demonstrate the key properties of this
distribution and how its properties differ from the well-known multivariate Gumbel and
Fréchet distributions. Together, these distributions constitute a complete toolbox that

offers tractable and intuitive solutions for the economics of discrete choice.

1—p

108pecifically, the condition for this result is m > (Z y le/ (= )> " maxy, w.
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Appendix

1. Properties of the Proposed Distribution
The maximum

Let Z = max(Zy, ..., Z,). The distribution function of 7 is

1—-Tz% ifz> Tl/e;

0 otherwise .

This shows Z is distributed Pareto with shape parameter ¢ and scale parameter 7"/%.

Conditional probabilities

Let h;(z) be the marginal density of Z;. Then
Pr (argmax Zi =7 NmaxZ; > z) = / Pr(Z; <u,Vi# j|Z; = u)h;(u)du.
Noting that, for u > T/,

Pr(Zy <ty 2y < 2y ooy T <
Pf(ZiSU,Vi7éj\ZjZU)hj(U)=8 P2 Sy 25 S 2y Zn S )

0z 2=u
=
1/(1=p)
= 7:] T u_e_l,
T1/(=p)
it follows that, for z > T/,
7Y (A=p) _
Pr <argmaXZi —jNmaxZ; >z)==2—Tz"
i i T1/(1-p)

Marginal distributions

For any nonempty proper subset £ of N,, and z € Km(é), let z*(¢) be the vector in R"

with i-th element equal to z; if i € £ and co otherwise. The lower-dimension marginal
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corresponding to ¢ is

1— (T2 e if z; > T foralli € &
<Zz€§ ( )

H(z;€) = H(z"(€)) = o

0 otherwise .

Pareto tails

The distribution of 7;| Z; > a is Pareto because

forz>a > TV,

The role of p

Fix a point z = (z,...,2,) € R". If z; < T/ for some i, then H,(z) = 0 = min; F}(z;)
because F(z;) = 0. Suppose z; > T/ for all i. Without loss of generality, we assume

Tz = max; Tjz; . It follows that as p — 1,

_ 1-p
Hy(z) =1~ Tz (Z (T )
1~1

=1

—)1—T121_6

= min{l — ]}z{e
J
= min Fj(z;).
J
This shows that for any z, we have H,(z) — min{Fi(z1),..., F,.(z,)}asp — 1.

It also follows that for every pair (i, j), H(z; {i,j}) — 1 — max{Tiz;*, T}2; "} as p — 1.

This implies that all mass points (Z;, Z;) are on the line

{(zi,zj) D2 = (%)é z]} ;

and hence that Z; and Z; are perfectly correlated as p — 1.
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Stochastic dominance with respect to 7'

\1/0
Consider 7} > T; for all 7. It is clear that Hy/(z) = 0 < Hp(z) if z; < (T/> for some i.

N\ 1/0
Suppose z; > (T’) for all .. We have
n 1—p n 1—p
(Z (Tizi—e)l/(l—p)> < (Z (T{Z[e)l/(l_p))
=1 ;

and thus

by definition of H (-).

Stochastic dominance with respect to ¢

Consider ¢ > 6. It is clear that Hy(z) = 0 < Hy(z) if z; < T'/? for some i. Suppose
2 > T for all i. We have

n 1—p n 1—p
(Z (T.ZIG')l/(l_p)> < ( (T'Z-G)l/(l_p)>
=1

1=1 7

and thus
Hy(z) < Hy/(2z)

by definition of H (-).

2. Proof of Proposition 1

Suppose that (71, . .., Z,) follows the GEV distribution.
The maximum
For every real number z,

Pr(max{Z,...,.Z,} <z)=Pr(Z1 < z,...,Z, < z2)

= exp [—G(exp{—z}, e ,exp{—z})]
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= exp [—exp{—2z}G(1,...,1)]
=exp{—exp{— (z — log{G(1,...,1)})}}

because G is homogeneous of degree one.

Tail behavior

We use the basic inequality that exp{z} > 1 + z for every real number x. We first note

that for every real numbers z and a with z > q,

Pr(Z; > z) _ 1—exp{—giexp{—=}}

Pr(Z; > 2|Z; > a) = = '
r(Z; > 2| a) Pr(Z; > a) 1 — exp{—g;exp{—a}}

In view of the basic inequality with © = —g; exp{—u},

1 —exp{—giexp{—u}t} < g;exp{—u}

for every real number u. Applying the basic inequality with x = g; exp{—u} yields

1
expi—g;exp{—u}t —1= —1
{ {—ul} exp{g; exp{—u}}
1
< -1
~ 14 giexp{—u}
_ 9 exp{—u}
1+ giexp{—u}

for every real number w. It follows that whenever « > 0,

gi exp{—u}
1 —exp{—g;exp{—u}t} >
p{—g; exp{—u}} > T+ g expl—u]
Yi
> expi—Uuy.
= p{—u}
Finally, combining these results, we obtain
1 Ji_exp{—=z}
exp{—(z—a)} = HL =
1+g giexp{—a}

o 1 —exp{-giexp{—2}}
— 1 —exp{—g; exp{—a}}
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gi exp{—=z}
" 1ig exp{-a}

= (1 +gi) exp{—(z —a)}

for every real numbers z and a with z > a > 0.

3. Proof of Proposition 2

Suppose that (73, ..., Z,) follows the multivariate Fréchet distribution.

The maximum

For every positive real number z,

Pr(max{Z;,...,Z,} <z2)=Pr(Z1 < z,...,Z, < z2)

=exp|[—Hy(z,...,2)]

— exp {_He(l_al)}

because Hy is homogeneous of degree —6.

Tail behavior

We use the basic inequality that exp{z} > 1 + x for every real number z. We first note

that for every real numbers 2z and a with =z > a,

In view of the basic inequality with z = —Tu",

1 —exp {—Tiu_e} < T
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for every positive real number u. Applying the basic inequality with z = T;u~? yields
1+ Tou=? < exp{T;u~"}, leading to exp{—Tyu?} < (1 + Tu~%)~* and

1 1;

1— — T %V >1— =
exp{~Tw ™"} 21— e = g

for every positive real number «. Finally, combining these results, we obtain

0 T;
a _ TLi+zf

T+ 20 T
1 —exp{-Tiz""}

for every real numbers z and a with z > a > 0.

4, Derivation of the Conditional Probabilities in Section 3.2.

e Suppose that (73, ..., Z,) follows the GEV distribution in McFadden (1978) with
Gley,...,e,) =Y i €. Let hj(z) be the marginal density of Z;. Then

i=1
Pr (argmax Z; =jNmaxZ; > z) = / Pr(Z; <wu,Vi# j|Z; = u)h;(u)du
:/ exp{—nexp{—u}}exp{—u}du

exp{—z}
= / exp{—nuv}dv
0

1 exp{—=z}
= exp{—nv} -
1
= [l —exp{-nexp{—z}}].

Since Pr (max; Z; > z) = 1 — exp{—nexp{—z}}, we obtain

Ll - exp{-nexp{—2}})] 1

1 —exp{—nexp{—z}} n’

Pr (argmax Z; = jlmax Z; > z) =
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e Suppose that (7, ..., Z,) follows the distribution in Bhat and Guo (2004) with

F(z1,.. . ) = exp{=Glexp{—21}, ..., exp{—z})} for (s1,...,2,) € R,

where

i
AN
3

Gler,...,en) = [(az‘,ijei)l/ﬁ + (aj,ijej)l/p]p

i=1 j=i+1

with0 < a;;; < 1foralliand j, 0 < p < 1, 2?21 a;;; = 1foralli, and e; > 0 for all 7.

Foreveryj=1,2,...,n,
OF (z1,. .., 2n) 0G(exp{—=z1},...,exp{—2n})
18zj = F(z,...,2,) exp{—2;} . 7,
and
8G(€1, Ce ,en)

8€j
( ~ - ~
8%1 S [(ewen)Y? + (ananer)?]”,
ifj =1;
; p 5P i—1 . .
_ ) {Zk=ﬂ'+1 [(cj ke P 4 (cnrer) 77]" + 30020 [(cuigen) P + (()éj,ijej)l/p}p} :

if2<j7<n-—1;

hs)

)

% Z?:_ll [(ai,inei)l/ﬁ + (an,inen)l/ﬁ]

( if j = n;
( ey [(a11ke1)Y? + (. 1xer)V/? (P=1) M7 e(l_ﬁ)/ﬁ, if ] =1;
k=2 ’ : 1,1k€1
" p 51(60-1) 1/5 _(1-p)/p
— k=it [(cvjjne) P + (cuwer)/?] Oéj,/jﬁl)c€§' PP
+ X0 (e P+ (03500 7) 7 e, k< <n =,
| S (@) VP + (angnen) 1) P @l PP g,

Note that for ease of notation, we hereafter adopt the convention that

n

5 51(0=1) 1/5 (1-p)/p
> leygne)'? + (o gren) /7] a;f el PP = 0
k=n-+1



and
: (p—1)
5 51—V 1/5 (1-p)/p
> (cige)? + (azie) 71" agifel =17 = o,
=1

and thus simply write

0G(eq, ..., e, ~ o
( 186- ) - Z [(O‘J}jk@j)l/p + (Qk,jkzekz)l/p} g agl‘,/j/;gey o
’ k=j+1

7j—1

§ p 5160-1) 1/p (1-p)/p
+ [(Oliﬂ‘jei)l/p + (a]ﬂ]e])l/p] a]ﬁjeg p)/p

=1

forevery j = 1,...,n. It follows that

exp{—u},...,exp{—u})
de;

= F(u,...,u) exp{—u}aG(

n

_ ~1(-1) - 5 51 (P—1)
1 1 1 1 1
- plu o] 32 [ otf] el Sl alt] el

k=j+1 i=1

For ease of notation, let

_ ; Yy
ca =Y > (i) + ()]
=1 j=i+1
and
N Y Y [ N L SV Lo
Cag = D, |0t il @k T Qi T Qi @jij
k=j+1 i=1

foreveryj =1,2,...,n. Since

F(u,...,u)=Pr (miax Z; < u) = exp{—G(exp{—u},...,exp{—u})}

= exp{—cq exp{—u}},

25



we have

W = Cq,; exp{—cq exp{—u}} exp{—u}.
<j

Therefore, denoting the marginal density of Z; by %,(z), we obtain
Pr (argmax Z; = jNmax Z; > z) = / Pr(Z; <w,Vi# j|Z; = u)h;(u)du
= ca’j/ exp{—cq exp{—u}}exp{—u}du

exp{—z}
= ca’j/ exp{—cqav}dv
0

= CC“—J [1 — exp{—cqexp{—2}}]

«

and

Pr (argmax; Z; = j Nmax; Z; > 2)
1—F(z,...,2)

Pr <argmaxZi = jlmax 7Z; > z) =

Ca 7j
CO[

Now, we verify that Z?Zl Caj = Cat

- - " (1) — (-1 -

_ 1/ 1/ 1/ 1/p 1/ 1/

Z Cayj = Z Z [O‘J’J[/; + Oékfk] Qj ik Z Z [ Q; Z; @, lﬂ aj,i?
j:l : =1

=1 k=j+1
n—1 n -1 _
- - _ _1)
_ § : } : P 4 P oP } :} : Vb o e ? 1/p
- zzk+akzk zzk+ Hk: k:zk akzk
i=1 k=i+1 . k=2 i=1
n—1 n -
r 1(p—1) ~7(p—1)
_E : § : /P 1/p /P E : § : 1/,0 /P 1/p
- llk+aklk 'sz+ Z’Lk‘ kzk akzk
i=1 k=i+1 . i=1 k=i+1
n—1 n -
- _ 1 (p—1) _ _
_ v 1/]% V5 | 15
= E , E , Qg+ Qi QG+ Qi
i=1 k=i+1 .
n—1 n _ 15
_E : E : /P 1/p
- 'L ik + ak ik
i=1 k=i+1 .
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Thus, we obtain

n

fai 1 and 0 < Caj <1 foreveryj=1,2,...,n.
‘= Ca Ca
e Suppose that (7, ..., Z,) follows the multivariate Fréchet distribution in Eaton

and Kortum (2002):
F@(Zlv <oy Rny Q) = eXp [_He(zlv <oy Rng Q)] for (21’ cee 7Zn) € R?—v

where Hy(zy,...,2,;0) = [Z?:l (ﬂz;g)l/gr for some § > 1 and o € (0,1]. Simple
algebra shows that

aF@(Zh <oy Zny Q)
8zj

8H9(Z17 <oy Zn Q)
8zj

= Fy(z1,...,2n;0) - (1)

(e-1)
Z(EZfG)l/@] 97}1/@%—1—9/9).

)
=1

= Fy(z1,..., 25 0)

It follows that for every u > 0,

0Fy(u,...,u;0)
0z,
n (0—1)
= Fp(u, ... u;0) Z(EU_G)UQ] o7,/ 2u(-1-0/9
i=1
n e n (e-1)
= exp {_ ZTil/Q u9} Z Tz‘l/g u[fa(lfl/g)]gle/Qu[—(He/g)]
=1 i=1

i T.l/g

=1

_ 1/e
=0T,

(e-1) n 0
exp {— <Z Til/9> ue} ul= O+,
i=1

e
For ease of notation, let A = [2?21 T "] . Consider the change of variables: v =
Au~?. We have

QO] — AEOH/0) (41/0) and gy — — AY09— 1o l-(0+1/0)] g,y
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Therefore, we have

Pr (arg max Z; = j NmaxZ; > Z)

= / Pr(Z; <wu,Vi# j|Z; = u)h;(u)du
(e=1)

— ele/Q Z Til/g / exp {—Au‘e} wl=O+D] 70,
Li=1 i ?

(e—1)

[ n ] Az—?
_ (gle/Q ZTil/g /0 exp {—v} Al=O+1/0)],,(141/0) A1/09=1,, [=(1+1/0)] 7,
Li=1 d

(e—1)

[n ] Az—?
— Gle/Q Z Tz.l/g ATt / exp {—v}dv
i=1 0

T'l/Q ZZ": T'il/Q
= [ - 5 [1—exp{—Az""}]

7]

Ti/e
1 —exp {—

- 3

CTLT
Since Pr (maxi Z’L Z Z) e 1 — eXp [—H9<Z’ ey Z)] = 1 — eXp {— <Z?:1 /1’;1/9)9 2_9}; we
obtain

} (e—1)

- iril/g

Tl/Q
Pr (argmaXZi = jlmax Z; > z) =—7
i i Z?}_l Ti/e

5. Proof of Theorem 1
Consider an arbitrary n-box B = [a, b|, where a,b € R", witha < b.

Casel b; < 1for some:.

Then B lies entirely in the region where G(z) = 0, so Vi (B) = 0.

Case2 a> (1,...,1).

Then B lies in the region where g(z) = % > (0 almost everywhere so we can

apply the fundamental theorem of calculus to show that

Ve (B) :/Q(Z)dzldzz'-'dzm
B



29
which is clearly non-negative.

Case3 b > (1,...,1)and a; < 1 for at least one i.
This implies that the set {2 = {k € N, |ax < 1} is nonempty. To prove that the G-
volume of B is non-negative, we first show that it can be expressed as the sum of

the volume of sub-boxes that do not cross the 1-axis. That is, we show that

Va(B) = Ve(la" b))+ > Ve ([a*(€),b()]). (3)
§C0EF#P, Ny
where a* = a(2). By case 2, we have that V;([a*, b]) > 0. Inaddition, V¢, ([a*(£), b(£)])
is non-negative for all ¢ C Q,¢ # ¢, N,, because for each ¢ # N,,, the density g of

Ge on (1,00]'® is well defined and non-negative for all x(¢) on (1, o0]'®), so

Vol @ @) = | ax(e) ax() 20

Thus it suffices to show that Equation (3) holds. The challenge here is that, by

definition,

Ve, ([a"(€), b(§)]) = (—1)MARIOPED G (a), (4)
dce((a(©) b))

with d € R'® whereas Vi (B) is defined as a sum of G(c) across verticesc € R".

To proceed, let I' = {c € R"|c, € {ay, a}, b} forall k € N, } be the collection of all
vertices after the decomposition of B into sub-boxes and let ¥ = I"\©(B) be the
set of “new” vertices generated by that decomposition. For any nonempty £ C
thatis notequal to N,,, let ¥, C U be defined by ¥, = {c € V|¢;, = qa forall k € &},
let B; = [a(\¢), b(¢)] be the n-dimensional sub-box. Figure 2 shows two cases for

the decomposition of a 2-box.

Equation (4) combined with the fact that G¢(c(§)) = G(c(¢)) and the fact that that
d € O([a*(§),b(¢)]) if and only if d = ¢(§) with ¢ € ©(B¢) N ¥, implies that

Ve, ([a"(), b(§)]) = > (—1)rAERTOPONG(a)

d=c(§): ceO(B)NT,
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Panel A
Sub-boxes
T, = 1
(a17b2) (171)2) (b17b2) (alabZ) (1~b2) (1~b2) (b17b2)
Split
i By
(0,1,(12) (17(1’2) (b17a2) (alaO‘Q) (17(12) (1:(12) (b15a2>
To = 1
Panel B
Sub-boxes
Xr1 = 1
(a1,b2) (1,02) (1,b2) (b1,b2)
(a1,b2) (1,b2) (br,b2)
Split
= By
(a1,1) (1,1) (b1, 1) (@, 1) (L1 (L1 b, 1)
To =1 (a1,1) (1,1) 1,1) (b1, 1)
Bray
(a1,a2) (1,a2) (b1, a2)
(a1,a2) (1,a2) (1,a9) (b1,a2)

InPanel A, Q = {1}, a* = (1,a2), T = {(a1,a2), (1,a2), (b1, az), (a1,b2), (1,b2), (b1,a2)}, ¥ = {(1, az), (1,b2)},
and By = [a1,1] % [ag, ba];

inPanel B, Q) = {1,2},a* = (1,1), T = {(a1,a2), (1, a2), (b1, a2), (a1,1), (1, 1), (b1, 1), (a1, b2), (1,b2), (b1,b2)},
U = {(a1,1),(1,a2),(1,1),(1,b2), (b1,1)}, Bay = [a1,1] x [1,b2], and Byay = [1,b1] x [ag, 1].

Figure 2: Sub-boxes
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— Z (—1)mAC©ila"©:POD) G (e (€)).
cEO(Be )NV,
Since c(¢) = cforallc € ¥, and A(c(&); [a*(€),b(§)]) = {k € N, \ {|c,, = a}}, we can

then write

Ve ([@"(€). b)) = > (—prleriida=al)ge).

CG@(Bg)ﬁ\Ilg

But note that, for any ¢ € ¥, we must have

m({k € N\Elew = ai}) =m({k € Naley = ai}) — m({k € €|, = ai})
—m({k € Qex = a}}) + m({k € N,\Qley = aj}) — m().

Foranyc € I, let 2(c) = {k € R2|¢, = 1} and 2(c) = {k € N, \ 2|cx = az}.

Combining these definitions with the previous equation we can then write
m({k € No\Elex = ai}) = m(Qc)) — m(€) +m(Q(c))

and hence

Ve ([27(€),b(&)] = ) (-1l m@mm@@lg(c),

CE@(Bg)m\I/E

Butifc € O(B¢)\ V¢ then ¢, = a;, < 1 forsome k € { and G(c) = 0, so we can write

Ve ([a*(€),b(&)] = Y (~1)m@@=m©+m@lg(c),

CG@(Bé)

and noting that B, = [a(Q\¢), b(¢)], we then have

VGg([a* (€),b(&)] = Z (_1)[m(Q(C))—m(£)+m(Q(C))]G(C). (5)
ce0([a(\8),b(&)])
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Note that

Volla'.b) = > (~)"tig(e)

ceO([a*,b])

= Y () mem@eg(e) ®)
ccO([a(2\¢),b(9)])

because [a*, b] = [a(Q\¢), b(¢)] and {k|cx = a}} = Q(c) U Q(c) by definition. Com-

bining equalities (5) and (6), we obtain

Va(la', b))+ Y Ve ([a7(€), b))

£CQEF£DN,

-y Y ()@@ )

ECQE#N, ceO([a(Q\E),b(8)])

= S (C )@@ aelg )

£ ceo(a(2\6),b(&)])

because if Q = N,, then G(c) = 0 forall c € ©([a(Q\N,,), b(N,,)]) = O([a, a*]). There-

fore we have

Va(la',b) + Y Ve ([a"(), b))

'EQQ{?&(Z)’NW

= S (Cn)meme 2 )

£E02 ceo([a(2\8),b(&)])

= Z (= 1) P2 -mE+m(@] G (c)

£ ceo([a(\6),b(&))\ ¥

+ Z Z (—1)lm2(e)=mEO+m( @l (c)

£ ceo([a(Q\g),b(OHNT
=Term 1 + Term 2.

The rest of the proof consists in showing that (i) Term 1 = V(B) and that (ii)
Term 2 = 0. To show (i), note first that for all ¢ € Q and c € ©([a(Q\ €),b(&)]) \ ¥,
we have m(£2(c)) = 0 by definition of ¥, and m({k € 2|cx = ax}) = m(&). So,

m(£2(c)) — m(€) + m(£2(c))
= —2m(&) + m(€) + m({k € N, \ 2|c, = al})
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= —2m(&) + m({k € Ller = a}) + m({k € N, \ 2)ex = ai})
= =2m(&) + m({k € N,|cx = ax})
= —2m(¢) + m(A(c;[a, b)),

where the second equality holds because a} = a if £ ¢ Q. Given that O([a, b]) =
{c e O([A(N\ €),b()]) \ ¥ : ¢ C Q} we then have

Term1=" 3 (= 1) PP =mO+m(@] ()
£CQ ce((a(@\6) bO)\Y

— Z Z (—1)2m@l(—1)lmAbDI G (c)

£E82 ceO([a(2\8), b(ON\T

Z m(A(eslab]) ¢y (c)

To show (ii), observe that ¥ = Ugco[O([a(2\ &), b(£)])N¥] and that in fact any vertex
c € U will be repeated ( “))) times (although not necessarily with the same sign)
in the set of vertices O([a(Q2 \ £),b(¢)]) N ¥ across different ¢ C Q(c) with m(¢) = v
and hence will repeated > /" m{{3(e)) (m(%(c))) across all possible ¢ C )(c). Hence we

have

Term2 =Y 3 (= 1) (2 -m(&+m( 2] ()

£ ceo(a(\¢),b(&))NV

) m(ﬂz(c)) <m (Q(C))) (1)@ —v+m(3@) | (c)
- (2(c)) 0
_ (—1)m(x ))+m(Q(e) Z ( (€ ))) (-1 | G(e)

where the second to last equality holds because we apply the binomial theorem,

which states that }-7_ (")z" = (1 + z)? for any positive integer p and real number
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x. This completes the proof.

6. Derivation of Results for the Roy Model in Section 5.

For comparison, let p = 1 — p. Let ¢ be a nonnegative constant and (w1, ..., wx) € R be
a K-dimensional vector of positive real numbers. Foreachi =1, ..., K, let
B (Tw )(1/9)

S [Twf)

and

Qi(c) = {(21,...,2K) € R¥ 1 w;2; > maxw;z; N maxw;z; > c}

= {(zl, o 2k) ERE pwz > max w;z; N z; > c/wi} )
We are interested in & = E [Z;1{zcq, (|, where

17 ifZE(Zl,...,ZK)EQZ‘(C),
lizeai() =
0, otherwise.

Note that

[E[Zilizeo.()] Zi]]

E
E [Z IL[Z >c/w;) E 1[w1z2>maxw]2]]| H
E [Z Lz, >c/w,) Pr(w; Z; > maxw; Z;| Z; )}

= / u - Pr(w; Z; > maxw; Z;|Z; = u)h;(u)du.
Jwi

Roy Model with the multivariate Fréchet distribution
Consider the multivariate Fréchet distribution

o]}

=1

Fy(z1,...,2K;0) = exp {
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Suppose that Z = (7, ..., Zk) follows the multivariate Fréchet distribution above. Let

h; denote the marginal density of Z;. Note that for u > 0,

8F9<Zl, <oy Rng Q)
aZi

zj=uw; /w; for each j

r K e K (e-1)
— exp{ Z (uw; Jw;)~ l/Q] } { [ (ww; Jw;)~ } } T,/ 2u(=1-0/2)
j=1

Lj=1
[ K e K (e—1)
= exp{ Z ] uw;) }{ T; w! 1/9} eﬂl/gwl[%(l*l/g)]uf(eﬂ)_
Lj=1 j=1
It follows that
&;
7= w- Pr(w;Z; > maxw; Z;|Z; = u)h;(u)du

/ K 0
/ u- exp{ g w?) uwi)e}

K (o—-1)
. {Z [Tng’] 1/9} QTil/ng[—e(l_l/@)}u—(9+1)du

j=1

K (e—1)
{Z 1/9} gnl/gwl[—e(l_l/ﬁ’)]

7=1
c/w;

For ease of notation, let A,, = [Z (T )1/ 9] , By = Ayw;?, and

K 4

3 (Tuwl)

J=1

(uw;)~? } u’du.

1 Bw(c/wi)*‘9
r (1 — 7 0— Bw(c/wi)9> = / exp {—s} -0 g,
0

Consider the change of variables: v = B, u~’. We have

0 — B'v and du = —BY9 LymHY0l gy,
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It follows that

E; _o(1— o
7 — Ag—l/@)gTil/@wZ[ o(1 1/@)}/ eXp{—Bwu_e}u_edu

c/w;
1 1ogpive, -oa-1/e) [T 1 p1/0g-1 [~(1+1/0
= AU-VogTl/ey ¢ / exp {—v} BgloBY 29~ 1yl-U+1/0] gy
0
1-1 1-1/9))pl/e, [-0(1-1/0)] Bulefw™ 1-1/0)—1
— A0-1/0) gE0-10) Y ey | . / exp {—v} vl0-1/0=11 gy
0
_ qu/g)Bq[;(1f1/9)]Til/ng[ff)(lfl/@)} T (1 _ %;O N Bw(c/wi)g)
_(1_ o1 1
_ Ag—l/g) [Awwzie}[ (1-1/0)] jwil/ng[ 0(1—1/0)] .T (1 o 5,0 — Bw(c/wi)_9>

_ Ag/@—l/g)wg@—l)j—;l/ng[—e(l—l/g)] .T <1 _ é’ 0 — Bw(c/wi)_e)

1
— AlL/0=1/ )y —1 [Tw!] Ve (1 — g 0— Bw(c/wi)_9>

K 0/0 » 1/0
:{Z[Tjwﬂl/g} ZK[T d ]1/9 -~ F(l_%;O%Bw(C/wi)e)

= 7=1 [Tﬂwj Wi
1 K o/0
W . 1/9
_E.F(1—57O—>B (c/w;)~ ) {; } :

Taking ¢ = 0 yields

g 1\ [& o
i Uy 1/
7wk (1‘5) {Zm“’ﬂ } '

J=1

Roy Model with the MVP
Let c be a constant with ¢ > max{w,, ..., wg }T"’. Let T = (Z] . T1/9> Consider the
MVP
K [
Fy(z1,... 20 =1 — Z _0 1/1
J=1

with the support z; > T/ forall j = 1,..., K and § > 1. Suppose that Z = (Z,, ..., Zg)
follows the MVP above. Let h; denote the marginal density of Z; on (7%/%, o0). Note that



foru > T/°,

Pr(Z; <uw;/w;,¥j #i|Z; = u)hi(u)
_ O0Fp(z1,- -,z 0)

0z zj=uw; /w; for each j
K —(1-o)
- {Z 7 (s f0;) ] (1/9)} T0/0y(-1-0/0
7=1
Ko are) 7Y
9 {Z T, (w, /wj)ee)] } T1/0)y,01-0)/)y (~1-0/0
j=1
K o) 7Y
=9{Z T; (i)™ | } TP,
7=1

It follows that

w - Pr(w;Z; > maxw;Z;|Z; = u)h;(u)du

i

] o
I
—
g 8

¢/

%0 K T
"o ) e

Jw; j=1

wo) Y 0

e

{ T (ws ;) )} } /0 / .
c/w;

J

—(1-0)
0(1—
_ { 1/9)} w( ) )T(l/@) 1 (wi/c)(e_l)
J

(2 K3 0 _ 1
0 K —(1-o)
S R IO A

7j=1

(1-6) K 1 (1/0) 0 (szg)(l/@) 1
—T [Tju§] gy A0 o
=1 > [Tw!] :

w09 K (1/0) ’
_5'9_1'{2[1}11}?} ’ '

7 =1

I
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