Online Supplemental Material

Throughout this Supplemental Material, it is convenient to make the dependence on
the discount factor, J, explicit on X[I'] and X[£] where X can be either R or B. For this,
we will use the notation X[I'(+,4)] and X[L(-,J)].

SM.1 Unbounded State Space

It is possible to results in the text to the unbounded state space by imposing following

technical assumption that is used to establish the existence of the value function.

Assumption SM.1.1. There exists a continuous function s — ¢(s,d) such that ¢ > ¢ > 0 and

/ /
sup sup 5M < land sup sup 7ils,s) < o0
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If S is bounded, this assumption is vacuous (¢ can be taken to be a constant). For
unbounded state space, however, ¢ controls the growth of the per-period payoff and
defines the relevant function space to which the value function belongs to: All s — f(s)
continuous such that || f||; := sup,.q |f(s)/ ¢(s,0)| < 00.3*

For example, in the generalized NCG model, if one defines S = IRy, then Assumption
SM.1.1is satisfied withs — ¢(s,0) = u(f(s)) + A, where A is such that 1+ supy o g % (f(Y)—
Y) is strictly less than 1/6.

Under Assumption SM.1.1 the results in the text go through essentially without change.
The only change lies in Proposition 3.2 which continues to hold, but with the only caveat
that oo could be also steady states (see Proposition B.1 in Appendix B). Theorem 1, how-

ever, remains unchanged and so its refinements.

The proofs in the appendix will be done under this, more general, assumption.

3The concept underpinning Assumption SM.1.1 is by no means new, e.g. see Alvarez and Stokey (1998)
for analogous conditions.



SM.2 Properties of the Value Function

Throughout this section we use

Vi B[V](s,0) := S/rél?();) (s, s') +6V(s',8) V(s,8) € Sx[0,1), )
which is the Bellman operator defining the value function (s,6) — V(s,d) as its fixed
point.

Let V := {f: Sx[0,1) — R: f is continuous and f(.,6) € Vs V6 € [0,1)}, where
V; is the space of functions over S such that ||f||; := sup,.g|f(s)/¢(s,0)| < oo. Itis
straightforward to show that (Vy, ||.||s) is a Banach space.

Throughout, for any correspondence s — F(s) let F° denote the interior of it, i.e., for

each s, F°(s) is the interior of the set F(s).

SM.2.1 Existence and Uniqueness of the Value Function

Lemma SM.2.1. (s,d) — V (s, 0) is the unique solution to V.= B[V] in the space V.

Proof of Lemma SM.2.1. For each 6 € [0,1), we show that the Bellman operator, B; —
acting on functions of s, not § — maps V; into itself and it is a contraction. By Assumption
SM.1.1, (s,s") — m(s,s")/¢(s,0) is bounded over GraphY. Hence, B; maps bounded
function into itself. By continuity of 77 and the fact that s — Y(s) is continuous and
compact-valued (see Assumption 2), the ToM implies that B; maps V; into itself. The
contraction property follows from standard Blackwell sufficient conditions.

Therefore, for each 6 € [0, 1), there exists a unique function on V, denoted as V (-, ),
that is a fixed point of B;. Now define (s,6) — V(s,6) := V(s,). Clearly, V € V and
is the unique function such that V(.,8) = Bs[V(.,d)] for all 6 € [0,1), but this readily
implies that V = B[V]. O

SM.2.2 Monotonicity of the Value Function

In this section we present three approaches to establish that s — V/(s,d) is increasing,

each relying on different assumptions and different proof techniques. One, relies on s —



Y(s) being increasing in the sense of inclusion and is standard (cf. Stokey et al. (1989)).
However, this condition on Y might be too strong in some settings. So, we also present
two alternative approaches, which dispenses with the aforementioned assumption. One
relies on weaker assumptions — namely, on being able to ‘replicate’ payoffs generated
for different values of the state variables —, the other one relies on a generalized version
of the mean value theorem for a.e. smooth functions. To our knowledge, these last two
approaches are novel and might be of independent interest.

Here are the results under the first approach; it is a well-known result and it is here

merely for completeness.

Lemma SM.2.2. Suppose s — Y(s) is non-decreasing in the inclusion sense. Then s — V (s, 0)

is increasing.

Proof of Lemma SM.2.2. We first show that B; maps non-decreasing functions into them-

selves. To do this take any f € V; that is non-decreasing. Then

Bs(f](s0) > 7t(so,8') +8f(s") > 7(s1,8") + Of (s')

for any sy > s; and any s’ € Y(sp); the second inequality follows from the fact that
s +— 71(s,s’) is increasing (Assumption 1(i)).

By assumption, Y(sp) 2 Y(s1), so s’ can be taken to be in I';(s1) and thus obtain
Bs[f](so) > Bs[f](s1). Thus, s — Bs[f](s) is increasing, and so Bs maps non-decreasing
functions into increasing ones (and thus non-decreasing). Since the class of non-decreasing
is closed, it follows that V (-, ) is non-decreasing. Indeed, since V (-, §) is unique, it actu-

ally is increasing. O
Here is the second approach

Lemma SM.2.3. Suppose for any sy > sg there exists a pair s},s( with s| € Y(s1) and s, €
I'(so,d) such that (i) s] > s{ and (ii) 7w(s1,s]) > 7(so,s() with at least one of the inequalities

strict. Then s — V (s, 0) is increasing.

Proof of Lemma SM.2.3. We first show that IB; maps non-decreasing functions into them-



selves. To do this take any f € V; that is non-decreasing. Then for any s; > sy,

Bs[f](s1) > 7t(s1,51) +6f(s1) > 7(s0,50) +6f(s1) > 7(s0,50) + 3 (sp) = Bs[f](s0),

where the first inequality holds because s € Y(s1); the second inequality follows from
condition (ii); the third inequality follows from condition (i) and the fact that f is non-
decreasing; the last equality follows because s{, € I'(sg, J).

Thus, s — Bs[f](s) is increasing, and so B; maps non-decreasing functions into in-
creasing ones (and thus non-decreasing). Since the class of non-decreasing is closed, it
follows that s — V (s, ) is non-decreasing. Indeed, since one of the inequalities is strict

and s — V(s,0) is unique, it actually is increasing. O

Remark SM.2.1. (1) The condition in the lemma is implied by increasing in inclusion
sense. To see this, suppose Y(s1) D Y(sg) then take s} = s with any s, € T'(sp,d). Then
clearly (i) is met and (ii) follows as 7r; > 0. By the inclusion, s € Y(s1).

(2) The condition is met in the generalized NCG model. To see this, let s] = —f(s) +
f(s1) + sy where f(s) = f(s) + (1 —d)s. (i) holds as —f(so) + f(s1) > 0; (ii) holds as
u(f(s1) —sy) = u(f(so) —sp). We need to verify s; € Y(s1) = [(1 —d)sy, (1 —d)s; +
f(s1)]. To check this, note that

so €Y (s0) = sp < f(s0) <= f(s1) = [f(s0) —s0] < f(s1) = 51 < f(s1)
and

sp €T (s0,6) = s5>(1—d)so = f(s1) — f (so) + [so — (1 —d)so] >0
= f(s1) = [f(50) =s0] = (1-d)s1 = 51> (1-d)s
JAN

Here are the results under the third approach. Given the nature of the proof, it requires

conditions that ensure optimal choices are interior.

Lemma SM.2.4. For any so < s1in 'S such that T'(s,6) C Y°(s) forall s € (so,s1), there exists



ac € (so,s1) such that

max 97 7t(c,Y) = max{9"V(c,8),0"V(c,d)}

YeT(c,9)
> V(s1,0) — V(so,9) >
51— 50
min{9*V(c,6),0"V(c,6)} = min 9, 7(c,Y)

Yer(c,6)

Proof. Let W =: D. By construction, G(s) := V(s,d) — Ds is such that G(s1) =
G(sp). Since G is continuous, the function G achieves a minimum or a maximum in
(so,51); denote the point as c.

By assumption, I'(c,5) C Y°(c), so by Proposition 3.1, the left and right derivatives of
s — V(s,6) (and thus of G) exist. If ¢ is a minimizer then 9~ G(c) < 0 < 97G(c), and if
¢ is a maximizer then 9~ G(c) > 0 > 97 G(c). These inequalities imply that 0~V (c,4) <
D <09%V(c¢,6)and 9~V (c,6) > D > 0" V(c,d) respectively. Hence,

min{d7V(c,5),0"V(c,8)} < D < max{0*V(c,6),0”V(c,6)}.

This implies

V(s1,0) — V(sp,9)
51750

min{d"V(c,5),0"V(c,d)} < < max{9%V(c,¥),0V(c,d)}.

By Proposition 3.1 and the fact that minycr 5 97 77(c, Y) < maxyer(s 07 77(c,Y) (As-
sumption 1(i)), the outer equality in the lemma follows. O

Corollary SM.2.1. Forany sy < sy inSsuchthatT'(s,6) C Y(s) foralls € (sg,s1), V(s1,6) >
V(So, (5)

Proof. By Lemma SM.2.4, V(s1,8) — V(s0,0) > minycr(.s) 9; 7(c,Y)(s1 —s0). By As-

sumption 1(i) 9; 77(¢,Y') > 0 so the desired result follows. N

SM.2.3 Differentiability of the Value Function

Lemma SM.2.5. For any s € Range(T's NY°) the following are true:



1. s — V(s,6) is smooth. That is, 9TV (s,6) = 0~ V(s,8) = my(s,s) forany s’ € T(s, d).
2. T(s,6) is a singleton and 0, 7(s,T(s,6)) = 0 7(s,T'(s,6)) =: m1(s,I(s,0)).

Proof of Lemma SM.2.5. For any s € Rangel'(-,6), it follows that there exists a s_1 such
thats € T'(s_1,6). Hence, 7t(s_1,s) + 6V (s,6) > mt(s_1,s') + 6V (s',6) forany s’ € Y(s_1).
Since s € Y°(s_1), the previous inequality holds for s’ = s + A and s’ = s — A for suffi-

ciently small A > 0. By Proposition 3.1, 04 V (s, d) exists and thus
0> m(s_q,8) + 607V (s,6) and 0 < ma(s_1,8) + 60 V(s,d).

The two inequalities imply that 9~V (s,6) > a7V (s, 6).

On the other hand, by Proposition 3.1 and Assumption 1(i), 0~ V (s, d) = minycp 5) 07 71(s, Y) <
a7 7t(s,Y) <97 71(s,Y) < maxyers ) 9y 71(s,Y) = 9TV (s, ).

Therefore, 0~V (s,8) = 9%V (s,6) =0 n(s,Y) =9, 7(s,Y) forany Y € I'(s,9).

We conclude the proof by showing that I'(s, d) is a singleton. This readily follows by
the previous result which imply that minycr s 5) 711(s, Y) = maxycr(s 5) 71(s, Y), which by

Assumption 1(iii) can only hold if I'(s, J) is a singleton. O

Lemma SM.2.6. 6 — V/(s,0) is continuously differentiable and for any s € R,

av(s,9) _ Y61V (s0,1,8) = V(s1,6) + s Vis10)
= a5

for some (s¢)t such that sy = s and sy1 € T'(s4,0).

Proof of Lemma SM.2.6 . Forany s > 0and ¢ € [0,1) and A € R,
V(s, 0 +A)—V(s,6) >6(V(s1,0 +A) —V(s1,0)) + AV (s1,6 + A)
for any s; € I'(s, 0). Applying this again to sy, it follows that
V(s,6+A)—V(s,8) > 6*(V(sp,6 +A) —V(s2,6)) +A(V(s1,6 + A) — 7(s,51)) + A6V (52,6 + A)

for any s € I'(s1,9).



By iterating in this fashion, one obtains for any T > 1,

Vi(s,6+A)—V(s,8) > 6T Y (V(sry1,6 +A) — V(s741,0)) + A i 0V (sp41,0 + A)

t=0
where s := s and any (s¢); such that s;11 € T'(s,9).

We now show that limy_,e, 871 (V (s711,6 + A) — V(s741,6)) = 0. If S is bounded this
is trivial because V is bounded and § < 1. In the more general case, under Assumption
SM.1.1, it follows that there exists a constant K and a 0 < a < 1 such that for any sy,
Vs, 8) = LD o5, 8) < Ko(sy,8) and @(sy,8) < (a/8)@(si_1,0). Thus, iterating in this

¢(s1,0)
fashion it follows that V (s¢,8) < K(a/6)!¢(so,8) = O((a/5)"). Therefore,

ST (V(s711,0+ A) = V(st41,6)) = O(a" ™),

and since 0 < g < 1 the desired result follows.

Therefore,

V(s,0+A)=V(s,6) > AY 6'V(s11,6+A).
t=0

Taking A > 0 and taking limits it follows that

94V (s,6) := limsup Vis,o+4) = Vis9) > limsup Y 6'V(si11,6 + A).
A0 A A—0 =0

Also, taking A < 0 and taking limits it follows that,

3 V(s,8) = liminf LT ZVIS0) 63 6V (5,00, 0+ A).
AT0 A A—0 =

By Lemma SM.2.1, § — V(s,d) is continuous. Hence since Y ;° 6!V (st11,0 + A) =
O(X2ya') < oo, by DCT, it follows that limp o Y5206V (sp41,6 + A) = Y52 8"V (8441, 6)

and so

04+V(s,6) > Y 6'V(s41,6) > 0_V(s,6), (10)
t=0



for any (st); such thatsy = s and s;41 € I'(s¢, 0).
Similarly,

V(s,0+A)—V(s,6) <6(V(s1,0 +A) —V(s1,0)) + AV (s1,d + A)
for any sy € I'(s,d + A). By iterating in the same way as before, it follows that

V(s,6 +A)—V(s,8) <A i 6"V (sp11,0 + A)
t=0
for any (st): such thatsy = sand s;11 € I'(s¢, 6 + A).

For each A take 51 =: 51A such that slA € I'(s,0 + A) and limy 08 = sY; this last
property holds because s € [0,1] and any sequence has a convergent subsequence. By
Lemma SM.3.1, 6 — I'(s,0) is UHC, so sY € T'(s,6). Now take s, := s2 such that s €
I'(s?, 6+ A) and limp 0 s5 = s9. By Lemma SM.3.1, (s,6) — I'(s,6) is UHG; this fact and
the fact that lima 0 s? = s, imply thats) € I'(s!,§). By iterating in this fashion we obtain
a sequence (s{*); such that pointwise in £, limp_,o s = sf and 59, ; € I'(s}, 6).

By continuity of 7z, lima_, 71(sf', s,1) = 7(s),s},;) (pointwise on f). By Lemma
SM.2.1, (s,6) — V(s,6) is continuous, so lima_,o V(s 1,6 + A) = V(s},,6) (pointwise

on t). Therefore,
iig}) V(StAH,(S +4) = V(S?+1/(S)'

Since Y2, ' < oo and V (-, 6) is also uniformly bounded, it follows by the DCT that

0.V (s,6) := limsup Vis,o+4) = V(sd) <limsup } 'V (s 1,6+ A) < Z 6"V (59,4, 6).
ALO A AL 120

Analogous reasoning to that above yields

9_V(s, 5)>hmsup25t (sfq,6+A) > Z(St (s9.4,6).
A0 t=0



Combining these displays with the expression in 10, it follows that

0+V(s,6) =) 8'V(sp41,6) =09_V(s,6), (11)
t=0
for some (s;); such that s) = s and s; 11 € I'(s,0). O

SM.3 Properties of the optimal correspondence

Recall

(s,8) — T(s,8) := arg max 7(s,s’) +6V(s,6).
s'€Y(s)

SM.3.1 Topological Properties of the Optimal Correspondence
Lemma SM.3.1. (s,9) — I'(s,0) is non-empty, compact-valued, and UHC.

Proof of Lemma SM.3.1. By Lemma SM.2.1 and Assumptions 1 and 2, (s,6,s) — 7t(s,s") +
SV (s',8) is continuous and s — Y(s) is compact-valued and continuous. Thus, by the

ToM, (s,0) + I'(s,d) is non-empty, compact-valued, and UHC. O
The next lemma essentially shows that I'; is a function at fixed points.
Lemma SM.3.2. Ifs € T'(s,6) NY°(s), then s =T'(s,9).

Proof of Lemma SM.3.2. Observe that s trivially belongs to Rangel'(-,6) N'Y°. Then, by
Lemma SM.2.5T (s, ¢) is a singleton thereby implying the desired result. O

SM.3.2 Monotonicity of the Optimal Correspondence
Recall that a correspondence is function-like if its graph has an empty interior.

Lemma SM.3.3. s — I'(s,0) is non-decreasing — in the sense that maxI'(a,d) < minT'(b, )

for any a < b — and function-like.

Proof of Lemma SM.3.3. Observe that (s,s’) — F(s,s’) := 7t(s,s’) + dV(s,d) satisfies in-

creasing differences since for any sg > s1, D(s’) := F(so,s’) — F(s1,8") = m(so,s') —

9



7(sq,s"). Taking the derivative with respect to s’ it follows that D'(s") = ma(so,s’) —
1y (s1,s") which is positive by Assumption 1(iii). By Assumption 2, Y is non-decreasing
in the strong set order sense. Hence, by the Milgrom-Shannon Theorem (Milgrom and
Shannon (1994)), for any 2 < b and any y € I'(4,0) and ' € T'(b,9) it follows that
min{y,y'} € T'(a,d) and max{y,y'} € T'(b,9).

We now show that maxI'(4,5) < minI'(b,d). Suppose not, suppose there exists a
y € T(a,6) and y' € T'(b,9) such that y’ < y. By the previous result, y' € I'(a,6) and
y €T(b,0).S0,y,y €T(a,d)NT(b,d) which implies that

(b, y) +6V(y,6) = n(b,y) +6V(y,6) and rt(a,y) + 6V (y,d) = t(a,y') + 6V (v, 9).

This implies that 7t(b,y) — 7(b,y’) = 7t(a,y) — 7(a,y’). By the mean value theorem, this
equality implies

1 1
/0 (b, + (1 T)y)dr(y —y') = /0 (e, vy + (1 T)y)dr(y — y).

However, by Assumption 1(iii), s — 72(s,s’) is increasing, so m(a, Ty’ + (1 — 7)y) <
(b, Ty’ + (1 — T)y) for any T and a < b. Therefore, the previous display cannot hold
thereby yielding a contradiction.

We now show thatI'(-, d) is function-like. Otherwise, there existsa (s, y) € GraphI'(-,6)
that has an open neighborhood also in the graph. Thus one can find a pair (s +a,y — a)
witha > O such thatT(s+4a,6) > y —a. Butwe foundy —a € I'(s +4,0) and y € T'(s,9)
such that y —a = min{y,y — a} € I'(s + a,d) which contradicts the previous results. [

Recall that 6 — T'(s,d) is non-decreasing (in the strong set sense) if for any &' > 4,
any s € Ry and any y € I'(s,6) and i’ € I'(s,d’) it follows that min{y,y'} € I'(s,6) and
max{y,y'} € I'(s,d).

Lemma SM.3.4. Tukea s € S such that T'(s,5) C Y°(s) and suppose®

V(-,8) is increasing over US® , T'(Y°(s), 9). (12)

3The set T1(Y(s)) := {I(s/,8): s € Y(s)}, and I(s) := (I 1(s),0) for any I > 1. For I = 0,
T9(Y°(s)) = Y°(s).

10



Then, for any (y,y') € T'(s,6) x T(s,d") it follows that max{y,y'} € T'(s,¢") and min{y,y'} €
I'(s,0) forany &' > 6.

Moreover,3°

minT(s,8’) > maxT(s,d). (13)

Proof of Lemma SM.3.4. Let (s',8) — W(s',8) := 6V(s/,6). Since s is such that I'(s,d) C
Y?(s) , it follows thatT'(s,d) = arg maxycy(s) 7(s,s") + W(s', ) = argmaxycyo(s) 71(s,8") +
W(s’,6). By Milgrom-Shannon theorem, if W is (a) quasi-super modular and (b) has the
single-crossing property then 6 — I'(s,d) is non-decreasing. Thus, we need to establish
properties (a) and (b). For this it suffices to show that s’ — dwﬂg# is increasing. Observe

that, by Lemma SM.2.6,

, dW(s',9)
TG

dv(s', o)

. !
=V(s',6)+0 75

1
s =V(s,0)+6 (V(s”,(S) + 5M> )

dé
for some s” € T'(s,9).

Now consider s} > sj in Y°(s). By the condition in the lemma, V (s}, ) < V(s,9). By
Lemma SM.3.3, s — I'(s, d) is non-decreasing so s; < s{ for any s € T'(s},d) for I =0, 1.
Thus V(s{,6) < V(s{,5) by our assumption as sjj, s belong to I'*(s, §). By Lemma SM.2.6,

! / ! !
iterating in this fashion establishes that dvg?,é) < dvgsg’é). Thus dwtgzo,é) < dw(g?’é) as

desired.

We now show that minTI'(s,d") > max[I'(s,d) for any ¢’ > 4. We do this by contradic-
tion, i.e., suppose there exists ana € I'(s,¢’) and a b € T'(s,d) such that a < b. By the first
part of this lemma, b € I'(s,¢") and a € T'(s,6); so, a,b € T'(s,6') NI(s,d). This implies
that

7(s,a) +6V(a,8) = 7t(s,b) + 8V (b,8) and 7 (s,a) + 6'V(a,&') = 7(s,b) + 6’V (b,68)

thus, by re-arranging terms it follows that W(a,é’) — W(a, ) = W(b,8") — W(b,6). By the

%For aset S, min S := min{s: s € S} and analogously with max .

11



mean value theorem and the fact that 8’ # J, this implies that

LdW(a,6 +t(0' —9))) , o LAW(b, 6+ 48 = 6))) .
/O 1 = dt(o' — ) :/0 5 dt(0" = 9).

However, we established that y — dV\g&y =) was increasing and since a < b this implies that

dW (a,6+t(8'=6))) dW (b,0+t(8'=6)))
ds ds

< for all ¢, a contradiction. O

Remark SM.3.1. The condition in the lemma is a high level condition that can be verified
in many different ways. For instance, if Y is non-decreasing in the inclusion sense then
by Lemma SM.2.2 the condition immediately follows.

If Y is not non-decreasing in the inclusion sense, the condition in the lemma can still

be verified following the results in Appendix SM.2.2. A

SM.3.3 Characterization of Basins of Attraction of I

Recall that for any function F : 5 — R and for any e € S let

Bt[F](e) :={s€S:s<eandVs' € (s,e) F(s') >0} U {e}
and B~ [F](e) :={s €S:s > eand Vs’ € (e,s) F(s') < 0} U {e}.

That is, B*[F](e) is the set of all points s € S such that for any point between s and e,
the function s — F(s) is positive — this set includes e as a convention that simplifies the
exposition.

We refer to B[F|(e) = B~[F](e) UBT[F|(e) as the Basin of attraction (BoA) for F; this

terminology is justified by the following result.
Proposition SM.3.1. Forany e € R°[T(-,6)], B(e,6) = B[T'(-,6)](e).

Proof of Proposition SM.3.1. Letl(e) := inf{s: s € BY[['(-,6)](e)}. Clearly, BT [T(-,6)](e) =
(I(e),e]. Similarly, let u(e) := sup{s: s € B [I(-,6)](e)}. Clearly, B~[T'(-,6)](e) =
le, u(e)).

We first show that B(e,8) 2 BT[I(-,5)](e) UB~[[(+,6)](e). To do this, take any s €
BT[T(-,6)](e). By definition s > I(e) and I'(s,6) > s. Therefore, since s — I'(s,d) is
non-decreasing (Lemma SM.3.3 in Appendix SM.3) any flow starting in s is such that

12



¢s(t,s) > ¢s(t —1,s) for any t € IN. Therefore it must have a limit point which we denote
asa. Sinces < e, ¢s(t,s) < ¢ps(t,e) = e, which implies thata < e. If 2 < e it means thata is
a fixed point of T'(+,6) that is in (s, e), but this contradicts the definition of B*[I'(-,4)](e).
Thus a = e thereby showing that B(e,8) 2 BT[['(-,6)](e). Analogous arguments can
show that B(e,6) 2 B~[T(+,6)](e) and thus the desired inclusion holds.

We now show that B(e,6) C BT[T(-,6)](e) UB[T'(-,6)](e). We do this by contradic-
tion, i.e., suppose there exists a sy € B(e,d) but sy ¢ BT[T(,5)](e) UB~[T(-,6)](e). This
means that either (a) sy < e but there exists a a € T'(sg,d) such that a < sg; or sy > e but
there exists a a € T'(sp,d) such thata > s,.

Suppose (a) holds. Clearly, sy = a is a direct contradiction to the fact that sy € B(e,?),
so lets take a < sp. This means there exist at least one flow such that ¢(1,s0) < sp. By
Lemma SM.3.3 in Appendix SM.3 this implies that ¢(t,s0) < sg for all ¢. But since e > sy,
this implies that (¢ (¢, so) )+ does not converge to e, contradicting the assumption that sy €
B(e,0). If (b) holds analogous arguments also show a contradiction to the assumption
that sy € B(e, 9).

Hence, B(e,6) € BT[['(+,6)](e) UB[T(-,6)](e), thereby establishing the desired re-
sult. O]

SM.4 Sufficient Conditions for Locator functions to have

well-separated roots

Lemma SM.4.1. Suppose the locator function is three times continuously differentiable and
e Forany s such that L£1(s,6) = 0, then |L11(s, )| > 0.

Then for any root r, there exists an open neighborhood such that no other roots are in it.
If, in addition, there exists a compact set S C S such that |L(s,6)| > 0 forall s ¢ S, then the

roots are finite.

Proof. We say s is a critical point of the locator function if £1(s,4) = 0. We now show
that critical points are isolated, i.e., for any critical point s, there exists a €; > 0 such that

L1(s,6) # 0foralls € (s —€;,5 + €5). We prove this by contradiction, i.e., suppose that

13



there exists a sequence (c; ), of critical points that converge to a distinct critical point c.
Then by the MVT (and the fact that the locator function is three times differentiable over

a bounded domain)
L1(cn,6) — L1(c,6) = L11(c,6)(cn — ¢) +0(cyn — ¢),

but the LHS is zero as both are critical points, thereby implying that 0 = Lq1(c, ) +

0((;1”__;)). Since o is a function such that o(t)/t — 0 ast — 0. Then this implies that

L11(c,8) = o(1) which is a contradiction to our assumption.

We now show that roots are well-separated in the sense that for any root r there exists
a € > 0 such that |r — 1’| > € for any other root r’. We prove this claim by contradiction.
Le., suppose there exists a root, r, such that for any € > 0 there exists another root within
e distance of r. This implies the existence of a sequence of roots (r,), that converges to r.
For any interval [r,, 7,41] by Rolle’s Theorem there exists a ¢, such that £1(c,, ) = 0. So
we constructed a sequence of critical points (c,),. Since the sequence of roots converges,
this sequence has an accumulation point given by c«, which is also a critical point because
of continuity of the first derivative of the locator function. But this implies that c« is a
critical point that is not isolated, a contradiction.

If, in addition there exists a compact set S such that |£(s,d)| > 0 for all s ¢ S, then
we can take S as our effective state space. Since the locator function is assumed to be
continuous the set of roots is a closed subset of compact set, thus compact. Each point in
this set is isolated, and since a compact set of isolated points is necessarily finite the claim

follows. O

SM.5 Proofs of Auxiliary Lemmas

Proof of Lemma C.1. Parts 1-2. We only prove the first part because the proof of the second
part is completely analogous and thus can be omitted.

Either I'(s,d) > s or I'(s,6) > s. If the latter holds, there is nothing to prove, so we
proceed under the assumption I'(s, ) > s. Hence, it remains to show that in this case, if

L(s,6) > 0 then there exists a ¢ > 0 such thatI'(s,d) > sforalls € (s,s +¢).

14



We do this by contradiction, i.e., suppose there exists a sequence (s, ), converging to s
such that for each s,, there exists a s), € T'(s;,d) such thats), < s, for all n.

We claim that for each s,, there exists a A > 0 such that 7(s,,s),) + 6V(s),8) >
7(sn, sy + A) + 8V (s), + A, 6) for any A € [0,A]. Since s, is optimal for s, the previ-
ous inequality will hold as long as s), is not at the “upper boundary" of Y(s,). Indeed, s,
is not at the upper bound because if s, = maxY(s,) then, since Y°(s,) 3 sy, it follows
that s}, > s, a contradiction.

Re-arranging terms and taking limits where A converges to zero, it follows that by

Proposition 3.1,

0> ma(sy,s,) +38 max 7my(s),y).
Y€l (sn,0)

Since this holds for each 1, we can take limits

> i ! i "Y).

0> nlg{}o 772 (Sn, Sy) + (5nlgr01o yer&?i(’(s) m1(s5,Y)
Since s}, < s, and s, — s, (s),)n converges to s. This and the fact that 771 is continuous
imply by the ToM that limy—,co max,cr(s, 5) 71(y,¥) = max,crss) 711(s,y). So finally,

since 71, is continuous, the previous display implies

0> my(s,s) +6 max mi(s,y) > L(s,9).
yer(s,)
where the last line follows because I'(s,4) > s. But this violates the assumption that

L(s,6) > 0 and thus arrived at a contradiction.

Parts 3-4. We only prove the third part because the proof of the fourth part is com-
pletely analogous and thus can be omitted. We prove the result by contradiction, i.e.,
suppose there exists a sequence (s, ), converging to s such that for each s,, there exists a
sl € I'(sy,6) such that s, > s, for all n. We claim that for each s, there exists a A > 0
such that 7t(sy, s},) + 6V (s}, 6) > 7t(sn,sl, — A) + 6V (s, — A, ) for any A € [0, A]. The in-
equality follows from the fact that s}, is an argmax for s, provided s}, is not at the “lower

boundary" of Y(s;,). This is true because if s/, = minY(s,) then, since Y°(s,) 2 sy, it
y n
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follows that s}, < s, a contradiction.
Re-arranging terms, dividing by —A, and taking limits where A converges to zero, it

follows that by Proposition 3.1,

0 < ma(sy,s,) +38 min 7my(s),y).
y€T (s,0)

Since this holds for each 71, we can take limits

0 < lim my(sy,s) + 6 lim min (s, v).

= o 2( n n) =00 T (s)0) 1( n y)
By going to a subsequence if necessary, (s;,), converges to s’. Since I' is compact-
valued and UHC (see Lemma 3.2), it follows that s’ € T(s, §), and moreover, by continuity
of 711 and the ToM, limy,—,co Min, e (g, 5) 71 (8}, ¥) = Miner(g 5) 71(8’, y). This, the fact that

77 is continuous, imply that the previous display equals

0 < (s, s')+0 min m(s,y).
yer(g/lé)

Finally, since I'(s, ) = s by assumption, s = ¢/, so

0 < 7m(s,8) +0 min 7mi(s,y) = ma(s,s) +0mi(s,s) = L(s, 6).
yel(sd)
But this violates the assumption that £(s, ) < 0 and we thus arrived at a contradiction.

O]

Proof of Lemma C.2. PART 1. By Lemma C.1, for which all assumptions hold, we know that
either I'(s,8) > sorI'(s,d) > s for all s sufficiently close to s. Hence, either I'(+,5) > 0 over
8%, and e is not a "true" fixed point and ¢ = s; or, T'(+,8) changes signs in $°. By Lemma
SM.3.3 in Appendix SM.3, I'(+,6) cannot “jump down", so in this case: I'(s,6) = 0 for
some s in the interior of S. By Theorem 1 and the uniqueness assumption, such element
is e. Moreover, over [s,e), T(-,6) > 0and I'(¢,§) = e. Let ¢ > e be the largest element such
that for all s € [e,c), I'(s,6) < 0. Tt is clear that [s,¢) C B(e,§). Moreover, if ¢ < §, then ¢
is a Skiba point as otherwise ¢ would be a fixed point but it contradicts the assumption of

uniqueness. Finally, for any s € (¢, 5], I'(s,6) > 0, thus s € B(5,6).
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PART 2. By analogous arguments to those presented in Part 1, either I'(s,0) <Sor
I'(s,0) < s for all s sufficiently close to 5. So, either e is not a "true" fixed point, and so
¢ = 5; or e is a fixed point of I'(+,d). By following an analogous reasoning to that in part

1, we can conclude that there exists a ¢ such that [s,¢) C B(s,¢) and (c,5) C B(e,d). O

Proof of Lemma C.3. By Theorem 1 one side of the inclusion holds, so we only show the
other —i.e., if s € R°[L(-,6)], then s is a (interior) steady state.

Suppose not. That is, suppose there exists a s € S5 such that y(s) := I'(s,d) # s but
L(s,6) = 0. We first consider the case y(s) > s.

By strict concavity of 7 it is well-known that s — V(s, ) is also strictly concave. Then

by the FOC, which are sufficient,

72(s,v(s)) + 61 (v(s), T((s),6)) = 0

(with equality if y(s) € Y°(s)). Since, by strict concavity, s — V'(s,d) := my(s,T(s,0)) is
strictly decreasing. This fact, the fact that y(s) > s, and the previous display thus imply

12(s,7v(s)) + 6m1(s,v(s)) > 0.

This result and the condition in the lemma imply 0 < max,cy(s): a5 {72(8,4) + d71(s,4)} <
L(s, ). But this contradicts that L£(s,d) = 0.

Consider now the case y(s) < s. Analogous arguments imply

(s, v(s)) + émy (s, v(s)) < 0.

By the condition in the lemma, min,cy(s): o<s {72(5,4) +dm1(s,a)} > L(s,6). This im-

plies that £(s, ) < 0, a contradiction. O

Proof of Lemma C.4. We first consider the case where e is unstable. By Theorem 1, £ (e, J) >
0. Therefore, B[L(-,0)](e) = {e}, and thus there is nothing to prove.

So, henceforth, we take e to be stable. By Proposition SM.3.1, it is sufficient to show

B[T'(-,6)](e) 2 BIL(:,0)](e).
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For any s € B[L(-,6)](e), either s < eand L(s/,5) > 0 forall s’ € (s,e), ors > e and
L(s',6) < 0foralls’ € (e,5) (if s = e there is nothing to prove). We consider the first case
— the second case is omitted as the proof is completely analogous.

Given that s < ¢, to show that s € B[T(+,J)](e) it suffices to show that T'(s’,6) > 0 for
any s’ € (s, e]. We prove this statement by contradiction; i.e., there exists a s’ € (s, e] such
that T'(s/,6) < 0.

IfT(s’,6) =0, thens’ € R°[T'(-,6)]. By theorem 1 this implies thats’ € R°[L(-,4)], but
this contradicts the fact that s € B[L(+,6)](e). Thus T(s/,5) < 0.

Therefore, T'(s’,6) < s’. Under our assumption in the text, e is isolated, thereby im-
plying there exists an open neighborhood of ¢, (¢ — 7, e + y) for some v > 0, such that
s — T(s,é) is monotonic. Moreover, since e is taken to be stable, s — I'(s,d) is de-
creasing monotonic, thereby implying I'(s,5) > s for all s € (e — v,¢e). So, by taken vy
sufficiently small, we obtained that I'(s’,6) < s’ and I'(s”,d) > s” for (s/,s”) such that
s <e—y <" < e Sinces — I(s,J) is assumed to be a function, it is a continuous
one (Lemma SM.3.1 in Appendix SM.3). Thus, by Bolzano, there exists a ¢ € (s/,s”) such
that I'(c,8) = c. But by Theorem 1 this implies that ¢ € R[L(+,4)]. However, since s < s’
and s” < e, we found a point ¢ that c € R[L(-,6)] and ¢ € (s,e). This fact contradicts the
assumption that s € B[L(-,5)](e).>” O

SM.6 Sufficient Conditions for Condition 4

Lemma SM.6.1. Condition 4 in the Proposition 4.3 is implied by either one of the following

conditions:

1. There exists functions F, Gy, Gy such that F > 0 and 1y(s,s’) = F(s,s')Gy(s) and
12(s,s") = F(s,s")Ga(s).

37The assumption of s + T'(s,§) being a function is used to obtained this contradiction. Otherwise, the
point ¢ could be a Skiba point (a point where I'(+,d) "jumps") and will not be “picked up" by L.
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sup (s, a) — ma(s,s) + 6(mi(s,a) — mi(s,s)) <0, (14)
aeY(s): a>s

and  inf  mo(s,a) — ma(s,s) + 6(mi(s,a) — my(s,s)) >0 (15)
aeY(s): a<s

3. 110 + 07112 < 0.

Proof. (1). By the functional form assumption, £(s,d) = F(s,s)(Gza(s) + 6G1(s)). Since
F > 0,sign{L(s,0)} = sign{Gy(s) +IG1(s) }. On the other hand, sign {72(s,a) + ém1(s,a)} =
sign {F(s,a)(Ga(s) + 6G1(s))} = sign{Gy(s) + 6G1(s) }. Thus condition 4 readily holds.

(2). Take any s € S° such that 0 = L(s,0). Then, foranya € S,
0=L(s,6) = ma(s,a) + ém1(s,a) — {ma(s,a) — ma(s,s) + 6(mi(s,a) — 1(s,s)) }.

If a > s, then by condition 14, the term in the curly brackets is negative, so (s, a) +
6mi(s,a) < 0. Since this holds for any a > s, it follows that sup,cy (). 5»s 72(5,a) +
omi(s,a) < 0. If a < s, then by condition 15, the term in the curly brackets is positive, so
m2(s,a) +6m1(s,a) > 0. Since this holds for any a < s, it follows that inf,cy(s). 4«5 7T2(s,a) +
dr1(s,a) > 0. Hence, condition 4 holds.

(3). We show that 7120 + 6711, < 0 implies the conditions in part 2. Take the case a > s.
By the MVT, condition 14 can be cast as

1

sup (1t22(s,s +t(a—s)) +dmpa(s,s+ta—s)))dt x (a—s) <0
a€Y(s): a>s /0
which is implied by
1
sup (1t2(s,s +t(a—s)) + dm1a(s,s + t(a—s)))dt <O0.

acY(s): a>s /0
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For the second condition in 14 a similar expression holds:

inf /1(7(22(5,5 +t(a—s))+dmp(s,s+ta—s)))dt > 0.
0

acY(s): a>s

A sufficient condition for these inequalities is (71 + d7112)(s,8’) < 0 for any s €
RO[L(-,6)] and s" € Y(s). O

SM.7 Extensions of Application 5

SM.7.1 Import foreign variety

Suppose we allow for foreign variety of good 1, and set the utility from good ¢, domestic

c1 and foreign variety cj is
Ufco, c1 1) = u(er) +u” (e1) + co,

and assume that the price of foreign good 1 is fixed at p;. Assume that this economy is
endowed with 1 unit of inelastic labor, so Assumptions 2 and SM.1.1 hold trivially. The

next lemma verifies Assumption 1 in this extension.

Lemma SM.7.1. If y(c}) := —% is always larger than 1, Assumption 1 holds.
1/71

Proof. By Envelope Theorem, we have the same 7t1(s,s’) = u/(c1(s,s"))H'(s)F(s’), which
is positive. Besides the good 1 export decision, there is another consumption allocation

problem. Given each cy, s, s

max u*(c}) +co, st pici +co=pler)er +G(1—5¢).
1
Basically, the planner should leverage the revenue from exporting good 1 and (poten-
tially) O to finance its consumption of foreign variety of good 1 and good 0. Even though
the economy is not necessarily able to achieve an interior solution, our framework can
always handle it.
The interior solution of the consumption allocation problem requires u*/(cf) = p1,

which means consumption of foreign variety of good 1 is constant. If the export revenue
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decision, u'(¢;) =

is larger than picj, p(e1)er + G(1 —s’) > picj, the first order condition for good 1 export
£1p(e1), holds and analysis in the Lemma 5.1 remains valid

If the economy cannot afford to purchase enough foreign variety of good 1 to achieve
u* (cj) = p1, we can approach the monotonic condition differently. We have

1

acl (S/ S/) !
P(er)ei(s,s’)  0s Fe)
while we have the first order condition for exporting decision u'(c1) = u* (£ (e1)
Fix s and differentiate it, we have

m12(s,8") = u'(c1(s,8"))H' (s) [P’(s’)

e1+G(1-5") \ pler)
P1 ) P1 (1
1-1 1_1 X T e P Py e1)
dor(s,s) P { [ J+u p' (e }H(S)P (s") T G'(1-s")=
/ - 1— 1 /12 ’
ds u//(cl) £ {” Zl( 1) [1_1} + oy Pl(el)}
Substitute it into the 7115, we have
_1 /! , D A R
(e e v e - g
mia(s,s) = 1 (e)H'(F (5) 1= - BT
Pcq u(cq) + plg{ r;}l 1 [1_1
Focus on the terms in the bracket

1—% «!! 2( ) 1 / 1_% 1 G (1—8')E (
1 {— bl [1— 1] 4w p’(el)}H(s)F— L SE e
T 1 W1
v wierjer + o (R Ty

p1
P E} +u*’p’(e1)} !

c
Divide u’ above and below the fraction line of the second term, and note that u
' ple1) < _ l)
P1 1 e)’

wple) [ 1] | Pla

1{ u' py [1 ]+
1— =

¥
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Use ey = H(s)F(s'") — ¢1 and the definition of i, 7 to get

) {_P(fl) {1_1}_ 1}(C1+€)+ L G

neipt € ce npic; F’
pler) 1
1+{ vcm[l_ ] 861}1’”1

Since we are at a corner in which there is no consumption of good 0 then we have picj =

pe1 + G. Substitute pyc] to this term, we have

t {m [1 _ %] e } e+ { ﬁ [1 - %} B %} (c1+e1) + n(pehc) G/OES/)F
1+ ey 1 #] + v

Then, we can rearrange terms, and get

0= iy [1 =] )+ (1 i) 1= ey

1+ { ey |1 H + ) var

We note that if {(c;) > 1,6 > 1,5(c]) > 1, this expression is always positive. Hence-

forth, 7115 is still positive. The intuition for condition 77 > 1 is that we need the utility of
foreign variety of good 1 of less curvature, so that more production of good 1 will induce
more purchasing of foreign variety rather than too much domestic variety. And then the

marginal utility of good 1 will not decrease too fast. O

SM.7.2 Closed economy with CES preference

We allow constant elasticity of substitution between good 0 and 1 in a closed economy.
Suppose the economy is endowed with 1 unit of labor, so S = [0, 1]. The current utility

for the closed economy is

-1 &

¥
l/] 17;1 (7;1 P -1
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so we can rewrite the per-period payoff function as follows

a

o—1 oc—1

o1 o
n(s,s') = % <(G(1 ~5))7 + (H(s)F(s'))")

Obviously, this setting satisfies Assumptions 2 and SM.1.1, and the following Lemma

provides a sufficient condition to ensure Assumption 1 holds.

Lemma SM.7.2. If 1 < ¢ < o, the closed economy with CES preference satisfies Assumption 1.

o e\ Y a1 o
Proof. It follows that 7r1(s,s’) = ((G(l —s’))Tl + (H(s)P(s’))Tl> P U H(s) e F(s') T HI(s) >
0, and
7T12(S,S/)

foa
o—1 -2

1 1 o— -1 o—1 o—1
(HF) ¢ {(;_E)H/p. (H%F%F’—G—cer’)+—ag H'F <CO” +¢,° >}

Pp—1
c—1 c—1 [
N a [
= (CO + Cl )

Next, let’s focus on terms within the brace, which can be simplified as

(1- Y\HPFHE + (1 - 1) rGPG +HPGF I
Y Y o o
It is positive when 1 < ¢ < 0. O

SM.8 On the role of Assumption 1

This section expands the discussion in Section 6 in the text, providing more detailed and
formal statements.

The key result underpinning Theorem 1 is Lemma 3.5, which in turn relies on Lemma
SM.3.4 in SM.3. This lemma provides a comparative statics result establishing monotonic-
ity of 6 — I'(s,) in the sense that maxI'(s,d) < minT(s,¢’) for any &' > 4.

By inspection of the proof of Lemma SM.3.4, to obtain this result we invoke the Milgrom-

Shannon theorem combined with

/
S W = V(s,6) +4

av(s',s)

dé

=V(,0)+6 <V(s",5) + 5%{:'5)) , (16)

23



being increasing for some s” € T'(s/,9).

This expression captures the marginal effect of the discount factor on the payoff and
consists of two components: (i) a direct effect, reflecting how the discount factor influ-
ences the valuation of the "next period" payoff — the term given by V (s, §) —, and (ii) an
indirect effect, reflecting how the discount factor affects the valuation of future payoffs be-

yond the next period — the term given by dvg’é) . To show that the overall expression is

increasing in s', it suffices to verify that both components are themselves non-decreasing
(with one of them increasing). For the direct effect (i), it suffices to show thats — V(s,¢) is
increasing, which is what is obtained in Lemmas SM.2.2 and SM.2.3. The indirect effect is
more nuanced. To establish the monotonicity of this term we iterate forward the previous
expression and obtain %‘Z'(s) =Y, 6'V(st,8) for some sequence (s'); such that s? := s
and s'™! € T'(s,6). We call this sequence an admissible sequence for s’. Thus, to show
s’ = %2’,5) is non-decreasing it suffices to show that for any s} > s, there exists an ad-
missible sequence for s} and for s} respectively such that Y 52, 6"V (s}, ) > Y12, 6'V (s}, 5).
To show this, we use that s — I'(s, ) is non-decreasing — a result established in Lemma
SM.3.3 in SM.3. By this property of I' we can find a s > s such that s} € F(s},é) for
j = 1,2. Tterating forward we construct two admissible sequences, one for s} and one
for s, with the property that s| > sb for all t. Therefore, by the fact that s — V/(s,6) is
increasing, the desired result follows.

So, there are two key results to obtain useful comparative statics for the optimal policy
correspondence with respect to the discount factor: (increasing) monotonicity of the value
function and (increasing) monotonicity of the optimal policy correspondence. The main
role of Assumption 1 is precisely to establish these results. Furthermore, the monotonicity
restriction in Assumption 1(i) is (only) used to establish the monotonicity of the value
function, and monotonicity restriction in Assumption 1(iii) is (only) used to establish the
monotonicity of the policy correspondence.

More generally, it should be apparent that in order to ensure useful comparative statics
for the optimal policy correspondence with respect to the discount factor both the direct
and indirect effects in expression 16 should go in the same direction. In a nutshell, we

AV (T (s,6),8
need s — V(s,5) and s — %

to be monotonic in the same direction. Thus,
e A combination of s — T'(s,d) non-increasing and s +— V (s, ) non-increasing will not
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yield useful comparative statics. This follows because in this case the direct effect
in expression 16 is negative — a higher s’ yields a lower V(s’,6) — but the indirect
effect is positive — a higher s’ yields a lower admissible sequence which in turn
yields higher s’ — Y {2, 6'V(s!,6). Thereby implying that both effects go in opposite

direction.

A combination of s — I'(s,d) non-decreasing and s — V(s,d) non-increasing will
yield useful comparative statics. This follows because in this case the direct effect
in expression 16 is negative — a higher s’ yields a lower V(s’,§) — and the indirect
effect is also negative — a higher s’ yields a higher admissible sequence (because
s +— T[(s,8) is non-decreasing) which yields lower s' — Y2 ,6'V(s!,5). Thereby
implying that both effects go in the same direction.

Contrary to our current result, this case yields 6 — I'(s, ¢) is monotonic non-increasing.

A combination of s — I'(s,d) non-increasing and s +— V(s, o) non-decreasing will
not yield useful comparative statics. This follows because in this case the direct
effect in expression 16 is positive — a higher s’ yields a higher V(s/,6) — but the
indirect effect is positive — a higher s’ yields a lower admissible sequence (because
s +— [(s,8) is non-increasing) which yields lower s’ +— Y2, 6'V(s!,8). Thereby

implying that both effects go in opposite directions.

The first and third case do not yield useful comparative statics for § — I'(:,6) — at

least not without further assumptions that can establish which of the effect is stronger.

For the second case, however, our methodology extends to allow for a variant of As-

sumption 1. In this case § — T'(s,d) is monotonic non-increasing, so the opposite behavior

depicted in Figure 3 holds: When the policy correspondence weakly shifts up with J,

stable fixed points cannot shift right as J increases, while unstable ones cannot shift left.

This observation gives rise to an analogous version of Lemma 3.5, where the mapping

0 — g(9) that traces the steady states is non-increasing for stable steady states and is non-

decreasing for unstable steady states. By following the same steps of the current proof of

the Theorem 1 under this new result, it follows that for any interior steady state s, we

have s € R°[L], with s stable if £1(s,d) < 0 and unstable if £1(s,d) > 0.
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