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1. Introduction

Recently there has been a surge in research focused on quantitative models of the spatial distribution of economic activity.
These models are tractable yet sophisticated enough to capture first-order features of the data, such as heterogeneous geography,
productivity, and amenities, as well as trade and migration across regions.! Given that economies of agglomeration are a central
feature in economic geography, a significant challenge in this literature is the possibility of multiple equilibria and the implications
thereof for counterfactual analysis.

In their seminal paper, Allen and Arkolakis (2014, henceforth referred to as AA) provided a sufficient condition for the uniqueness
of spatial equilibria in an important class of economic geography models. These models feature trade and agglomeration forces within
a single productive sector with regionally differentiated varieties, as in Armington (1969), and congestion forces, as in Helpman
(1998). This sufficient condition hinges on the balance between the elasticity of localized external economies of scale, denoted as
w > 0, and the elasticity of congestion externalities, denoted as 6 > 0, requiring that the elasticity of economies of scale be weaker
than that of congestion externalities, expressed as y < 5. A benefit of this condition is that it guarantees the uniqueness of equilibria
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regardless of the values of all other parameters, including trade costs. However, it is a strong condition that, for example, rules out
agglomeration externalities in the absence of congestion externalities. Moreover, this sufficiency result does not inform us about the
set of equilibria when the condition is not met.

In this paper, we characterize the set of equilibria and their stability within a generalized version of the canonical two-region
economic geography model. This model nests the class of models in Allen and Arkolakis (2014) as well as Krugman (1991), while
also incorporating an input-output loop. We establish sufficient conditions for the uniqueness of equilibrium in this model that,
in contrast to the well-known result in Allen and Arkolakis (2014), allow for the presence of positive agglomeration externalities,
which concentrate economic activity, even without congestion effects, which disperse economic activity. Our analysis highlights the
critical roles of three additional parameters: the trade elasticity, which regulates the strength of the dispersion force associated with
the decline in terms of trade due to migration; trade costs, which mitigate this dispersion force by restricting interregional trade;
and the significance of the agricultural sector, which counteracts agglomeration forces in manufacturing.

Section 2 introduces the model. There are two sectors, manufacturing and agriculture. Manufacturing is modeled as in Armington
(1969), with elasticity of substitution ¢ > 1 across the goods produced by different regions — so that the trade elasticity is
e =0 —1 >0 — and features external economies of scale with elasticity y > 0. In addition to labor, manufacturing production also
uses intermediate goods — a CES aggregator of all regional varieties with elasticity of substitution ¢ — in a Cobb-Douglas fashion
with cost share 1 — . Agriculture produces a single homogeneous good that is subject to frictionless trade. There are two types of
labor: manufacturing workers, who are perfectly mobile across regions and face congestion externalities with elasticity 6 > 0, and
agricultural workers, who are exogenously located. Preferences are Cobb-Douglas with a share # of income spent on manufacturing.

—6 .
The model is isomorphic to Krugman (1991) if a = W =¢oe =1, and so we refer to the case where a = 1 as the “Krugman case”.?

The AA model obtains when there is no agriculture, g = 1, and AA’s sufficient condition for uniqueness corresponds to « < 0.2

Section 3 presents a series of results that characterize the set of equilibria for given values of a, ¢, #, ¢, iceberg trade costs, as
well as the distribution of exogenous productivity, amenities, and the number of agricultural workers across two regions. We first
show that irregular equilibria, where all manufacturing workers locate in a single region, are possible only when « > 1. Subsequently,
we establish that a regular equilibrium, in which manufacturing workers are located in both regions, can be fully characterized by
the relative price of manufacturing goods produced in the two regions — adjusted by the trade elasticity — which we denote by
x, and that a regular equilibrium satisfies V' (x) = 0 for an explicit function V (-). Thus, characterizing the set of regular equilibria
corresponds to characterizing the set of zeros of the function V' (x). We show that AA’s sufficient condition for uniqueness, « < 0,
remains applicable even with the inclusion of an input-output loop and an agricultural sector. More importantly, we derive a set
of conditions that guarantee the uniqueness of equilibrium as long as « € (0, 1). We also show how these results are affected when
a = 1, as in the Krugman case.*

To shed light on the various forces at play in our model, it proves convenient to consider two special cases: the case with no
agriculture, as in AA, and the case with symmetric regions, as in Krugman (1991). Section 4 studies the case with no agriculture,
p =1, where we provide a full characterization of the set of equilibria, including necessary and sufficient conditions for uniqueness.
These conditions indicate that if « € (0, 1) then the equilibrium is unique if trade costs are sufficiently low, while there are multiple
equilibria if trade costs are high.® Moreover, a lower trade elasticity expands the range of trade costs under which the equilibrium
is unique. These results reveal how the terms-of-trade dispersion force can lead to uniqueness even if the force of agglomeration
dominates that of congestion, y > 6 implying a« > 0. Intuitively, the terms of trade worsen for a region experiencing a rise in
population, and this effect is more severe with a lower trade elasticity and when trade costs are low, leading to more trade and,
hence, a more significant impact of terms-of-trade shifts on real wages.°

The presence of agriculture changes these results in intuitive ways, as shown in Section 5 for the case with symmetric regions.
In this case, if a € (0, 1) then for any given value of the trade elasticity the number of equilibria depends on trade costs and on the
relative importance of manufacturing versus agriculture, as captured by f. Not surprisingly, the results described above for the case
with no agriculture continue to hold when g is close enough to one. At the other extreme, when f is low enough, the influence of
agriculture is so strong that a unique equilibrium is assured for all trade costs. For intermediate values of #, uniqueness is guaranteed
if trade costs are either sufficiently low or sufficiently high. Intuitively, when both agriculture and manufacturing are important,
low trade costs ensure uniqueness because of a strong terms-of-trade dispersion force, while high trade costs do so because of strong
dispersion effects associated with the agricultural sector.”

2 In Krugman (1991) there is no congestion, 6 = 0, and no intermediate goods, ¢ = 1, implying that @ = ye = 1. Another difference is that in Krugman (1991)
economies of agglomeration arise by way of free entry and love of variety rather than through technological external economies of scale. However, it is well
known that the two approaches lead to identical results — see AA for a details.

3 Strictly speaking, the AA model has no input-output loops, ¢ = 1.

4 We also show that generally the economy can have up to five regular equilibria, and the AA’s case with no agriculture can yield at most three regular
equilibria.

5 In Section 3, we show that that a unique equilibrium is guaranteed when « < 1, provided that trade costs are sufficiently low, even if g < 1. In contrast,
the result that there are multiple equilibria for high enough trade costs requires § to be high enough.

6 If there are no congestion externalities, 5 = 0, then a < 1 is equivalent to y < 1/e. Thus, if the terms-of-trade dispersion force — whose strength is regulated
by 1/e — dominates the agglomeration force — whose strength is regulated by y — then uniqueness is guaranteed under frictionless trade even in the absence
of congestion effects. In the context of a multi-sector gravity model of international trade with sector-level external economies of scale, Kucheryavyy et al. (2023)
also show that if the scale elasticity is lower than the inverse of the trade elasticity in every sector then there is a unique equilibrium under frictionless trade.

7 While the results for the symmetric case suggest that a reduction in « or § increases the likelihood of a unique equilibrium, in the Online Appendix we show
that this is not always the case under asymmetry: depending on other parameters, a reduction in a or § can intermittently lead to uniqueness or multiplicity of
equilibria. We also show that while increasing the asymmetry between the two regions tends to enlarge the set of parameters under which the equilibrium is
unique, this is not universally true.
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Finally, the presence of an input-output loop also affects the set of equilibria in intuitive ways. A higher share of intermediates
in production of the differentiated manufactured goods, as captured by a lower value of parameter ¢, makes multiplicity more likely
through two channels: a lower value of ¢ increases the strength of agglomeration economies and weakens the agricultural sector
dispersion force.

We also study whether regular equilibria are stable in the sense that the relative utility in a region is decreasing in the number
of manufacturing workers residing in this region (the same definition as in the original Krugman, 1991 paper). This analysis is
straightforward thanks to the explicit function V (x): a regular equilibrium is locally stable if and only if ¥’ (x) > 0 when evaluated
at that equilibrium. We show that for « € (0, 1) if a regular equilibrium is unique then it is locally stable, while for a > 1 if a regular
equilibrium is unique then it is unstable.® For the knife-edge case with « = 1 a unique regular equilibrium can be stable or unstable
depending on other parameter values.

The original Krugman (1991) paper introduced the “no-black-hole condition” alongside the “tomahawk diagram” to depict how
equilibrium labor allocations in manufacturing vary with trade costs, assuming the no-black-hole condition holds. We generalize the
no-black-hole condition to the case with an input—-output loop and show that the tomahawk diagram remains qualitatively unaffected
even in the presence of an input—output loop. We then show that the patterns of equilibria significantly change when a € (0, 1).
Specifically, depending on the strength of agglomeration forces (among other factors), we identify four distinct patterns of labor
allocations: For weak agglomeration forces, there is a unique equilibrium, resulting in a pattern that corresponds to a horizontal line
in the space of labor allocations and trade costs; for lower to medium strengths, the pattern becomes a displaced ellipse; for medium
to high strengths, it takes the form of a displaced tomahawk; and for strong agglomeration forces, the pattern emerges as a pitchfork.

The completely symmetric case of the Krugman (1991) model was analyzed in Robert-Nicoud (2005), who formally showed that
the Krugman (1991) model can have at most three regular equilibria: one locally stable and two locally unstable. Sidorov (2011)
generalized the results from Robert-Nicoud (2005) by allowing for asymmetries in the distribution of agricultural labor across two
regions and providing sufficient conditions for existence and uniqueness of equilibria (along with stability analysis) in an otherwise
standard Krugman (1991) model. We generalize even further the results from Sidorov (2011) by allowing for asymmetries in trade
costs, productivities, and amenities across regions, adding congestion externalities and an input-output loop. We also allow for
a < 1, thus nesting the AA model. Importantly, we provide a comprehensive characterization of equilibria for a generalized version
of the canonical two-region model that integrates all the forces in the AA model as well as those in Krugman (1991).°

2. The model

Here we consider a multi-region spatial model as in AA with the inclusion of an input-output loop in the differentiated goods
sector and an agricultural sector as in Krugman (1991). There are N regions indexed by i, j and », and two sectors: a manufacturing
sector with a differentiated good associated with each region, as in the Armington approach, and an agricultural sector producing
a homogeneous good. There are two factors of production: labor specific to agriculture and labor specific to manufacturing.

Each region i has L# > 0 agricultural workers who cannot move across regions and inelastically supply their labor to the
agricultural sector. Production technology in agriculture is the same across all regions: the agricultural good is produced one-to-one
from agricultural labor. Agricultural goods produced by different regions are perfect substitutes in consumption and can be costlessly
traded across regions. Thus, the price of the agricultural good is equal to the wage of agricultural workers and is the same across
all regions.

In addition to the agricultural workers, the economy has I manufacturing workers who can move freely across regions.
Manufacturing workers residing in region i inelastically supply their labor to the manufacturing sector in that region. Production of
the manufactured good in region i uses labor and intermediate good according to a Cobb-Douglas technology,

4= -0"10ALi0 7, )

where ¢; and L; are output of the manufactured good and employment of manufacturing workers in region i, Q; is the amount of the
intermediate good produced and used in region i, and ¢ € (0, 1]. Productivity shifter A, is endogenous and is given by 4, = ALY,
where A; is an exogenous component of productivity, and y > 0 regulates the strength of agglomeration externalities affecting
manufacturing production. Trade in manufactured goods between regions is subject to iceberg trade costs: delivering a unit of a
manufactured good from region i to region n requires shipping z,; > 1 units of the good, with z; =1 for all i and z,; < 7,;7;; for all
n, I, and i (triangular inequality).

In each region, manufactured goods produced by all regions are aggregated by a constant-elasticity-of-substitution (CES) function
with elasticity of substitution ¢ > 1 to produce a manufactured aggregate, which is then used for consumption and as an intermediate
good. Both agricultural and manufacturing workers residing in region i derive utility from a local amenity as well as from
consumption of the agricultural good and a manufactured composite. Utility from consumption of the agricultural good and the
manufactured aggregate is Cobb-Douglas with share p > 0 of expenditure devoted to manufactures. Letting w, and P, denote the

8 More precisely, for « € (0,1) if a regular equilibrium is unique then it is generically locally stable in the sense that for all parameter combinations V"’ (x) > 0,
and the set of parameter combinations for which V' (x) = 0 has measure zero.

9 We provide parsimonious sufficient conditions for existence and uniqueness of equilibria that are much sharper than conditions in Sidorov (2011) even for
the cases where we restrict our setup to the one considered in Sidorov (2011).
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wage and price index in manufacturing in region » and w* the wage in agriculture, the welfare of manufacturing workers residing
in region n is given by

w
Uy= ————tn 2
Py [wA]
where u,, is the amenity in region » and is given by
u, =a,L°. (3)

Here @, is an exogenous utility component of amenity in »n and 6 > 0 governs the strength of congestion externalities affecting utility.
All markets are perfectly competitive. Letting p,; denote the price of the manufactured good produced in region i and sold in
region n, we have p,; = r,,,-wail_g/A,- and

N €
_ 1—¢c\ "€
b= B i) | @

where ¢ = ¢ — 1 is the trade elasticity. In order to produce the intermediate good, region n buys 4,; P,Q, worth of the manufactured
good produced in each region i, where 4,; = AL (rn,wf Pfg )_6 P¢. Since 4, is also the share of manufacturing expenditure that
region n consumers allocate to imports from i, the market clearing condition for the manufactured good in region i is given by
N
piid; = Z A [B (w, L, +w*L}}) + P,Q,] . ®
n=1
The Cobb-Douglas assumption in (1) implies that P,0, = (1 = ¢) p,,4, and w,L, = ¢p,,q,, and hence P,0, = (1 - {)w,L,/¢. Thus,
the market clearing condition (5) in region i is

N
Wi Li/C =Y Ay [B(w, L, +w* L) + (1= Ow,L,/¢]. 6)
n=1
The other equilibrium conditions are that the global market for the agricultural good clears; that welfare of manufacturing workers
is equalized across all inhabited regions; and that the global market for manufacturing labor clears. Formally, these conditions are
given by

N N
ZwAI:f:(l—ﬂ)Z(wiLi+wAI:f‘); 7)
i=1 i=1
L;>20, U-U;20, L (U-U;)=0, forall i; (8)
N

=L ©

i=1

where U > 0 is the utility level of manufacturing workers. We assume that 21111 L# > 0 for the versions of the model with g < 1,
and that lell i;“ = 0 for the versions of the model with g =1 (no agricultural sector).
Following AA, we call an equilibrium regular, if all regions are inhabited, and we call an equilibrium irregular otherwise.

3. Spatial equilibria with two regions

In this section we characterize equilibria of the economy described in Section 2 in the general case with two regions (N = 2).
We first introduce the following definitions: y = if‘/ (Lt+13),7=1-y, B=1-8,¢ = ¥ and ¢, = 73,

dy=ypg;" + (1-7) ¢ and dy =7¢h8," + (1-765) o,

. a=yge, u=pPr+1-CB,

and
G = (i, /ay) "™ (4,/4,)" .

Our restrictions yw >0, § >0, # > 0, and ¢ € (0, 1] imply that y > —¢ and u > 1 — ¢, while parameter a can take any value.

Our analysis in this section reveals that in the case of two regions, the set of equilibria is affected only through parameters y,
o, 4, $1, ¢y, dy, dy, and G. This means, for example, that the presence of congestion effects as captured by 6 # 0 does not have an
independent effect on the set of equilibria given y. Parameters G and y capture asymmetries between the two regions (in Section 5
we consider the case of symmetric regions, which entails G = 1 and y = 1/2). As will become clear later, parameter a captures the
strength of the net agglomeration force given by y relative to the terms-of-trade dispersion force given by 1/¢, while parameter u
captures the strength of the net agglomeration force relative to the dispersion force associated with the agricultural sector (captured
by parameter f). Parameters d; and d, capture the interaction of the agricultural-sector dispersion force (adjusted for the presence



K. Kucheryavyy et al. Journal of International Economics 152 (2024) 104008

of an input-output loop and captured by parameter ¢ ) with trade costs and the share of agricultural labor in each location, y. We
will discuss these parameters in more detail as we proceed with the analysis of the model.

Our model nests various different cases that we consider below. What we label the “Krugman case” obtains with « = 1, while
the AA case obtains with g = 1 and Zfi | ]:;“ = 0 (no agriculture). To see why a = 1 captures the Krugman model, imagine that
6 = 0, and note that then « = 1 entails y = 1/e = 1/ (c — 1): this is the standard result that in a model with monopolistic competition
with free entry and CES preferences, there are aggregate economies of scale arising from love of variety with a scale elasticity given
by 1/(c — 1) (see for example Allen and Arkolakis, 2014). Also, with a = 1, condition u < 1 is equivalent to § < (gil, which is a
generalization of the familiar “no-black-hole condition” from Krugman (1991). We acknowledge that the original Krugman and AA
models do not feature input-output loops in manufacturing (¢ = 1), however we show below that introducing an input-output loop
does not qualitatively affect the characterization of equilibria in these models in the case of two regions.

We start by characterizing irregular equilibria of the economy of Section 2 with N = 2.

Proposition 1 (Irregular Equilibria).

(i) If a < 1 then all equilibria are regular.
(i) If a = 1 then:

(ii.a) Allocation L, = L and L, = 0 is an equilibrium if and only if
G2 7epy " + (1-7¢F) o). (10)
(ii.b) Allocation L, =0 and L, = L is an equilibrium if and only if
G <[t + (1= 1B) o] an
(i) If « > 1 then both patterns of irregular allocations — (1) L, = L and L, =0, and (2) L, =0 and L, = L — constitute equilibria.

The proof of Proposition 1 is provided in Appendix B.1. Parts (i) and (iii) of Proposition 1 can easily be extended to more than
two regions, and their proofs are very similar to the corresponding proofs in Allen and Arkolakis (2014) (which do not have an
agricultural sector nor input-output loops).

The rest of this section is devoted to the analysis of regular equilibria of the two-region economy of Section 2. Namely, we provide
conditions under which the economy has a unique regular equilibrium and specify whether this equilibrium is stable.'® Our definition
of stability extends the one in Krugman (1991) to the case of nonzero congestion externalities. We refer to a regular equilibrium
as globally stable if the relative utility in region 1, w = U, /U,, is decreasing with the number of manufacturing workers residing in
this region, L;. When there are multiple equilibria, or when the global stability condition does not hold, we investigate a weaker
condition of local stability: we refer to a regular equilibrium as locally stable if the derivative dw/d L, evaluated at the equilibrium
point is negative. If dw/d L, evaluated at the equilibrium point is positive, then we call such an equilibrium unstable. Finally, if
dw/dL, evaluated at the equilibrium point is zero, then we say that this equilibrium is neither stable nor unstable.

To proceed with the analysis of regular equilibria, we let x denote the price of the manufacturing good produced in region 1
relative to region 2 adjusted by the trade elasticity,

— - &
xE(wfaj </</§1L‘r>> |
wS P,/ (A,LY)
In Appendix B.2 we show that the equilibrium system of Egs. (6)-(9) for regular equilibria can be described in terms of x only.
Thus, if we know x we can use Egs. (6)-(9) to solve for the rest of the equilibrium variables. In turn, x is determined by the
equilibrium condition that utilities are equalized across the two regions, U, = U,. For the analysis of uniqueness and stability of
regular equilibria, it is most convenient to work with this condition in the logarithmic form written as In® = 0. In terms of x, this
can be written as V (x) = 0, where V (x) is positively proportional to Inw and is defined as

V(x)ElnG—aln% +(-—a)lnx+alng; (x)+pulngy (x), a2

2

where g, (x) = (1+d,x)/(dy+x) and g, (x) = (1+¢;x)/ (¢, +x)."! Functions g, and g, are related to the model variables
(through equilibrium conditions) as

prw Ly

8q (x) = brinl,

-x and g¢(x)=<%>_. (13)
2

10 we emphasize that when we refer to “a unique regular equilibrium”, as for example in Propositions 2 and 3 below, it means that there is one regular
equilibrium, but there may also be irregular equilibria. To arrive at overall uniqueness results we need to couple these results on regular equilibria with those
in Proposition 1.

11 In the trivial case in which trade is frictionless (¢, = ¢, = 1, implying also d, = d, = 1) and there are no agglomeration or congestion externalities (y = 0
and § = 0), equation ¥ (x) = 0 boils down to x!/¢ = (i, /ﬁl)g (A,/A,), which simply says that the relative price of the manufacturing good has to equal the
inverse ratio of productivities adjusted by amenities.
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Thus, as mentioned above, parameters a and u determine the strengths with which the relative manufacturing income and relative
manufacturing price index affect relative utility, respectively, while parameters d, and d, affect the relative manufacturing income.

Since V (x) is positively proportional to In w, the sign of dV (x) / dL, is the same as the sign of d Inw/L;. As shown in Appendix B.4,
Inx is a decreasing function of L,, and thus, using dV (x) /dL, = (dV (x) /dInx) - (dInx/dL,), we have that dw/dL, < 0 if and
only if dV (x) /d Inx > 0. Thus, we can use function V (x) for analysis of both uniqueness and stability of regular equilibria.

Equation V (x) = 0 can readily be applied to establish existence of a regular equilibrium in the case with « # 1. Indeed, function
V (x) is continuous and takes values at the opposite sides of 0 as x — 0 and x — c.'* The analysis of existence of regular equilibria
in the case with a = 1 is substantially more complicated and is described in detail in Section 2 of the Online Appendix.

Let us start the analysis of uniqueness and stability with the simple case of frictionless trade (¢, = ¢, = 1). In this case, function
V (x) collapses to V (x) =InG + (1 —a)Inx. If a # 1 then we can explicitly find x = Gﬁ. Moreover, we also see that if @ < 1 then
dV (x)/dInx > 0, while if « > 1 then dV (x) /dInx < 0. If « = 1 and G = 1 then any positive x is a solution of V' (x) = 0 and
dV (x) /dInx = 0, while if « = 1 and G # 1, then equation V (x) = 0 does not have positive solutions. These results give us the
following proposition.

Proposition 2 (Regular Equilibria: Frictionless Trade). Assume that trade is frictionless, ¢, = ¢, = 1.

() If a # 1 then the economy has a unique regular equilibrium. If a < 1 then this equilibrium is globally stable, while if « > 1 then this
equilibrium is unstable.

(i) If « =1 and G = 1 then any regular allocation satisfying L, + L, = L is an equilibrium. Each of these equilibria is neither stable nor
unstable. If « = 1 and G # 1 then the economy does not have regular equilibria.

In the rest of this section we focus on the case of costly trade: 7|,7,; > 1 or, equivalently, ¢, ¢, < 1. One can easily verify that
in the case with a # 1 solving equation V' (x) = 0 for x > 0 is equivalent to finding roots of a fourth-degree polynomial, and thus
function V (x) can have at most four extrema. This implies that equation V (x) = 0 can have at most five solutions. Similarly, in the
case with « = 1 solving equation V' (x) = 0 for x > 0 is equivalent to finding roots of a quadratic polynomial, and thus function V (x)
can have at most two extrema, implying that equation V (x) = 0 can have at most three solutions. Using this logic, we characterize
formally the maximum number of regular equilibria in Proposition 6 in Appendix B.3.

The fact that V'’ (x) is at most a fourth-degree polynomial implies that, in principle, we can derive analytically necessary and
sufficient conditions for uniqueness of regular equilibria for any a.!®> Moreover, this analysis can also yield analytical results on global
or local stability of equilibria. However, the expressions would be complicated and devoid of insights. Instead, we will formulate
several parsimonious sufficient conditions for uniqueness and global stability of regular equilibria. The proofs of these sufficiency
results rely on establishing that under these conditions function V (-) is monotone.

The following proposition provides sufficient conditions for uniqueness and stability in the case of « # 1 and costly trade. The
proposition uses constants i, #,, and u that depend only on model parameters. Their definitions are provided in Appendix A.'*

Proposition 3 (Regular Equilibria: Sufficient Conditions for Uniqueness Under Costly Trade and a # 1). Assume that ¢,¢, < 1. The
economy has a unique regular equilibrium in the following cases:

@ a<0;
(i) 0 < a < 1 and either of the following three conditions hold:

(iia) dydy <1 and pu <,
(ii.b) didy > 1 and p < uy;

(iii) a > 1 and either of the following three conditions hold:

(iiia) did, < 1; _
(iii.b) dyd, > 1 and p > .

In cases (i) and (ii) the regular equilibrium is generically globally stable, while in case (iii) it is unstable.

The proof of Proposition 3 is provided in Appendix B.5. In Section 4 of the Online Appendix we provide figures that give an idea
on how much of the uniqueness area is covered by sufficient conditions in part (ii) of Proposition 3. The qualification “generically” to
the result on global stability in Proposition 3 is in the spirit of the literature on general equilibrium and means that under conditions
in parts (i) and (ii) the relative utility w is strictly decreasing in L, for all L, except, perhaps, for a finite number of points where
dw/dL, = 0. In Claim 1 in Appendix B.4 we prove an additional result concerning stability of equilibria: if an equilibrium is
unique then it is generically locally stable for a € (0, 1) and generically unstable for a > 1.

12 If @ < 1 then lim,_, V (x) = —c0 and lim,_, V (x) > +co. If a > I then lim,_, V' (x) = +oc0 and lim,_, V (x) = —co.

13 Importantly, this is how we determine the number of regular equilibria for any combination of parameters to make all figures in this paper. See the
discussion in Appendix B.3.

14 For brevity of exposition, here and below we omit definitions of various functions of parameters. Appendix A contains all definitions.

15 More precisely, as we show in the proof of Proposition 3, we can have dw/dL, = 0 only in part (ii.a) and only in one point (which might or might not
exist depending on parameters).
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Recall that the sufficient condition for uniqueness in Allen and Arkolakis (2014) is @« < 0. This is a strong condition that, for
example, rules out agglomeration externalities if there are no congestion externalities. Part (i) of Proposition 3 extends this result to
the economy with the agricultural sector and input-output loops. At the same time, Propositions 1 and 2 imply that the equilibrium
is unique under frictionless trade even with 0 < a < 1. Proposition 3 extends this result to the case of low enough but strictly positive
trade costs or low enough «.'®

Results of Proposition 3 give us the first hint to the role (for uniqueness) of agglomeration forces as well as the dispersion forces
associated with terms of trade and agriculture, which we will study in detail in the next two sections. The strength of agglomeration
forces (net of congestion) is captured by parameter y, while the strength of the term-of-trade dispersion force is given by 1/¢ and
the strength of the agriculture dispersion force is governed by g. A high value of 1/ — implying a low value of a = ye given y —
means that as agents move to a region they suffer a larger terms-of-trade loss, which discourages concentration of production and
tends to result in uniqueness. With low trade costs, thanks to the terms-of-trade dispersion force, agents do not tend to concentrate in
one region, which pushes towards uniqueness of equilibrium. In Corollary 1 in Appendix B.5.1 we formally show that Proposition 3
implies that for a € (0, 1) there is a unique regular equilibrium if ¢, ¢, is close enough to 1 or «a is close enough to 0. Turning to the
dispersion force associated with presence of agriculture, in Corollary 2 in Appendix B.5.2 we show that there is a unique regular
equilibrium if g sufficiently low and there is no input—output loop.

The next proposition provides sufficient conditions for existence and uniqueness of a regular equilibrium in the case with « = 1
and costly trade. This proposition uses constants ¢, and ¢, defined in Appendix A as well as the following condition,

7+ (1-768) it < G < [ B + (1= 1B) o] a9

Proposition 4 (Regular Equilibria: Sufficient Conditions for Existence and Uniqueness Under Costly Trade and « = 1). Assume that a = 1
and ¢,¢, < 1. Suppose that one of the following conditions holds:

(@ f=00ry=00ry=1;
) pzl; i )
(c) u <1 and either ¢; > ¢ or ¢, > ¢p,.

If, in addition to that, condition (14) holds, then the economy has a unique regular equilibrium, which is generically unstable. If, on the
other hand, condition (14) does not hold, then the economy does not have regular equilibria.

The proof of Proposition 4 is provided in Appendix B.6. There we show a more precise result in terms of stability: if condition (14)
holds then the equilibrium is unstable in cases (a) and (b) as well as in the case (c) with u < 1 if either ¢; > ¢, or ¢, > ¢,. If in
the case (c) we have ¢; = ¢, or ¢, = ¢, then — depending on parameter values — it can happen that dw/dL, = 0.

Conditions in Proposition 4 do not cover the case in which g € (0,1), y € (0,1), u < 1, and ¢, < ¢, and ¢, < ¢,. This case is
much more difficult, but it is possible to provide useful qualitative results in this case.!” Proposition 1 in Section 1 of the Online
Appendix establishes that there exists a unique (locally stable) regular equilibrium for large enough trade costs. Also, we show that
there can be a unique (unstable) regular equilibrium for all “not too large” trade costs such that ¢, < ¢, or ¢, < ¢,. Finally, we
show that for all “intermediate” levels of trade costs, the economy can have up to three regular equilibria: two unstable and one
locally stable.

4. No agricultural sector

In this section we consider a version of the economy of Section 2 with no agricultural sector, # = 1. This corresponds to a
two-region version of the setup in Allen and Arkolakis (2014) extended to allow for an input—output loop. In what follows, we call
this version of the setup the “AA economy”.

We can collect different parts of Propositions 1-4 to provide a complete characterization of equilibria of the AA economy in the
cases with « < 0 and a > 1. It helps to refer to Fig. 1, which shows the areas with a unique regular equilibrium as well as areas
with irregular equilibria in the space of (3, y) for given values of ¢ and ¢.

If « < 0 then the AA economy has a unique equilibrium and this equilibrium is regular and globally stable, while if « > 1 then
the AA economy has two irregular equilibria and a unique regular equilibrium, which is unstable.'® The case with « = 1 is a bit
more involved. We get that allocation L, = L and L, = 0 is an equilibrium if and only if ¢,¢% < G, while allocation L, = 0 and
L, = L is an equilibrium if and only if (qﬁ’l‘qﬁz)_l > G. Also, if ¢;¢p, < 1 and ¢y < G < (¢’1‘¢2)_1 then there is a single regular
(unstable) equilibrium, while if ¢; = ¢, = 1 and G = 1 then any regular allocation satisfying L, + L, = L is an equilibrium, which
is neither stable nor unstable. And there are no regular equilibria in all other cases when a = 1.

We know from Proposition 1 that all equilibria in the AA economy are regular when 0 < a < 1. Part (ii.a) of Proposition 3, u < i,
gives us only sufficient conditions for uniqueness of regular equilibria of the AA economy in this case. In the next proposition we

16 In Corollary 1 in Appendix B.5.1 we formally show that Proposition 3 implies that for a € (0,1) there is a unique regular equilibrium if ¢,¢, is close
enough to 1 or « is close enough to 0.

17 Recall that, using function V, we can provide the full characterization of regular equilibria for any a. As an example of how one can do this, we provide
such characterization for « = 1 in Section 2 of the Online Appendix. However, this characterization is devoid of insights.

18 To get the result for « > 1, note that d, = ¢, and d, = ¢, when g = 1. Thus, we can apply part (iii.a) of Proposition 3.



K. Kucheryavyy et al. Journal of International Economics 152 (2024) 104008

Unique (locally Two irregular, one

stable) equilibrium regular (unstable)
for small trade costs >— N\ V_/ equilibrium

All equilibria are
regular (Allen and
Arkolakis, 2014)

Unique equilibrium,
which is globally stable :
(Allen and Arkolakis, 2014) ¢

Positive scale elasticity,

Negative of congestion elasticity, -6

Fig. 1. Equilibria in the AA economy for a fixed ¢ and ¢.

provide a complete characterization of regular equilibria when 0 < a < 1, using u, as well as constants I'; and I, that depend on u,
a, ¢, ¢, and G and that are defined in Appendix A.

Proposition 5 (AA Economy: Complete Characterization of Equilibria for 0 < « < 1). Assume that f =1, 0 < a < 1, and ¢; < 1 and
¢, < 1. Then any equilibrium is regular.
(a) There is a unique equilibrium in the following cases:
— . 2a—1
(a.1) u <wu, (or equivalently \/¢,¢, > %);
(a.2) u>u, and either I <1 or I, > 1.

In case (a.1) the equilibrium is generically globally stable, while in case (a.2) the equilibrium is generically locally stable.

(b) There are two equilibria if u > u, and either I' = 1 or I, = 1. One equilibrium is locally stable, the other equilibrium is neither
stable nor unstable.

(c) There are three equilibria if u > u, and I'y > 1 and I', < 1. Two equilibria are locally stable, and one equilibrium is unstable.

The proof of Proposition 5 is provided in Appendix C. One noteworthy implication of this proposition is that the presence of

an input-output loop, as captured by ¢ < 1, affects the set of equilibria in the AA economy only through parameters y = "’177?
and G = (i /ﬁz)ﬁgf (4,/4,)°. Consider the case with no asymmetries in amenities (@, = #,), which implies that any regular

equilibrium entails equalized real wages across the two regions, w1L1‘5 /Py =w, L3 %/ P,. The definition of x then implies that any
regular equilibrium entails

AN\ F /P L\
=(2) (3) (32) as
A, Py wyL,

The relative price P, /P, depends on ¢ only through x, which is one reason why x was introduced in the first place — see expressions
(13). Similarly, the relative manufacturing output, w, L, /w,L,, also depends on ¢ only through x if g = 1.'° Thus, if there are no
congestion externalities (§ = 0) then real-wage equalization across the regions implies that the presence of an input-output loop does
not affect the set of equilibria (although ¢ does affect labor allocations in each particular equilibrium). With congestion externalities
(6 > 0), smaller values of ¢ lead to higher values of y, which, as discussed below, makes multiplicity more likely.

Let us now explore the implications of Proposition 5 for the way in which different model parameters affect the set of equilibria
in the AA economy. Fig. 2 illustrates the role of parameters a, u, and ¢ for the symmetric economy with G = 1 and ¢ = ¢, = ¢,.%°
Fig. 2 shows that for each fixed level of trade costs, lower values of a or y tend to result in uniqueness, while higher values of « and
u tend to result in multiplicity. To understand this outcome, first note that in the symmetric case illustrated in Fig. 2, the symmetric
allocation associated with x = 1 is always an equilibrium. In this equilibrium each region gets half of the manufacturing labor force.
Then, because of symmetry, to understand how multiplicity arises, it is enough to consider equilibria with x < 1, where production
of the manufacturing good in region 1 is relatively cheaper and this region gets relatively more of the manufacturing workers.

19 Formally, this follows from expression (6) and the fact that relative trade shares 1,,/4,, depend on ¢ only through x — again, one of the reasons why x
was introduced in the first place.

20 QObserve that with f =1 we have y = y + 1 and so u > 1 for « € (0,1). Also, a typical value of ¢ = 5 would imply u < 1.2 for a € (0,1). At the same time,
we can have any value of u > 1 by varying &, which implies that x~' € (0, 1) for a € (0, 1).
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Fig. 2. Uniqueness/multiplicity areas in Proposition 5 for AA economy: ¢ = ¢, = ¢, and G = 1. Left-hand side: varying a and ¢ for u = 1.1. Right-hand side:
varying u~! and ¢ for « = 0.5. The boundary between the sets with unique and three equilibria has two equilibria.

Consider the case with « =0 and u = 1. Using (P,/P,) " = (1 + ¢x) / (¢ + x), we can write (15) as

d+x
x = R
1+ ¢x

where we assumed symmetry in exogenous manufacturing productivity, A, = A,. It is easy to verify that for x < 1 the right-hand
side of the above expression is larger than x, and thus x = 1 is the only solution to this equation. Dropping for a moment the
relationship between a and y, consider the case with « =0 and g > 1. Then (15) turns into

_<¢+x>”
T\itex)

One can easily check that for all 4 large enough, the right-hand side of this equation is smaller than x for x close to 1, and is larger
than x for x close to 0. Thus, there is a solution to the above equation for some x < 1. Intuitively, with x4 = 1, the relative price
index associated with a non-symmetric labor allocation is always larger than the relative cost of the manufacturing good, which
leads to uniqueness of equilibrium. Having x > 1 magnifies the differences in price indices across the regions arising in asymmetric
allocations, which leads to a possibility of multiple equilibria where manufacturing production is concentrated in one of the regions.

The impact of parameter u described above is not surprising. As mentioned in Section 3, parameter u captures the strength of the
net agglomeration force in manufacturing relative to the dispersion force associated with the agriculture sector. With no agriculture,
u is just given by y+1, which captures agglomeration forces working through the manufacturing price index, and hence it is intuitive
that increasing the strength of the agglomeration force leads to multiplicity. In turn, increasing « leads to the possibility of multiple
equilibria by magnifying differences in manufacturing labor incomes across regions given by w, L, / wyL,. For given u, a higher
value of « is associated with either stronger net agglomeration force or weaker terms-of-trade dispersion force given by 1/e. A high
value of 1/ means that as agents move to a region they suffer a larger terms of trade loss, which discourages concentration of
production and tends to result in uniqueness.

Returning to Fig. 2, we also see that for each fixed a and u, lower trade costs tend to result in uniqueness, while higher trade costs
tend to result in multiplicity. With low trade costs, thanks to the terms-of-trade dispersion force, agents do not tend to concentrate
in one region, which results in uniqueness of an equilibrium. High trade costs weaken this dispersion force by limiting trade, thereby
making multiple equilibria more likely.

Fig. 2 also shows that condition u < %, in part (a.1) of Proposition 5 — which is the same as the condition in part (ii.a) of
Proposition 3 — covers the entire uniqueness area in the symmetric case. In Corollary 1 in Section 3 of the Online Appendix we
formally establish that in the symmetric case of the AA economy with 0 < a < 1 condition y < j, is both necessary and sufficient
for uniqueness. For f =1 and « € (0, 1) this condition can equivalently be written as ¢ > &:‘fl € (0,1), where ¢ = ¢, = ¢,. Thus,
in the symmetric case, as we lower ¢ from 1 to 0 (i.e., raise trade costs from 1 to ), we go from the region of uniqueness to the
region of multiplicity, with the threshold given by &ffl It turns out that this is a general property of the AA economy (allowing
for asymmetries), which we formally establish in Proposition 2 in Section 3 of the Online Appendix. Specifically, there we show
that in the AA economy with 0 < a < 1 for any fixed ratio ¢ = ¢, /¢, there exists a threshold q.’:>2 (¢) > 0 such that the equilibrium
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Fig. 3. Uniqueness/multiplicity areas in Proposition 5 for AA economy: 0 <a <1 and u = I.1.

is unique if ¢, > (52 (c), and there are three equilibria if ¢, < q§2 (c).*! For some parameter combinations we can have (Zz (¢)>1,in
which case there are three equilibria for all levels of positive trade costs. It is worth emphasizing that the threshold q§2 (¢) exists for
a fixed ratio ¢, /¢,, and thus as we lower ¢, from 1 to 0 we also change ¢, in the same proportion. In contrast to this, if we keep,
say, ¢, fixed and lower ¢, from 1 to 0, we can have intermittent regions of one and three equilibria.

Let us now turn to Fig. 3, which illustrates several points. First, without symmetry condition u < i, is no longer sufficient for
uniqueness. Second, larger values of « are more likely to result in multiplicity (the point that we made earlier). Finally, Fig. 3 shows
how asymmetries in trade costs and in productivities or amenities of regions impact uniqueness/multiplicity.

We see from panel (b) of Fig. 3 that asymmetries in productivities or amenities across regions tend to result in uniqueness.
Intuitively, multiplicity of equilibria in the symmetric setup arises exactly because all fundamental parameters of regions are the
same, which — due to the economies of scale — creates indeterminacy of the outcome: manufacturing production can happen to
be concentrated in one region or the other. As we make regions dissimilar in their productivities or amenities, the region with
the more favorable characteristic is more likely to become an industrial hub with concentrated manufacturing production, which
reduces indeterminacy of the outcome and leads to uniqueness of equilibrium.

Let us now consider asymmetries in trade costs. In order to isolate the effect of asymmetries in trade costs from the effect of the
size of trade costs, we focus on combinations of ¢, and ¢, such that the geometric mean of trade freeness, (¢ 14)2)]/ ?|is constant,

21 Generically there are two equilibria for ¢, = (Zz (c). The symmetric setup is an example of a non-generic case when there is a unique equilibrium at the
threshold. Also, generically there is no explicit expression for the threshold ¢, (c): this threshold can be found from conditions (a)-(c) of Proposition 5 as an
implicit function of model parameters.

10



K. Kucheryavyy et al. Journal of International Economics 152 (2024) 104008

Three
equilibria

b1

Unique equilibrium

Curves ¢1¢2 = ¢ for
1+ -1\A\--- differentlevels of ¢

0o ;

Fig. 4. Illustration to Proposition 5 for AA economy: 0 < « < 1 and G = 1. Asymmetries in trade costs.

¢,¢, = c. Along such a curve, the more the ratio ¢, /¢, is different from 1, the larger asymmetries in trade costs are. In Fig. 4 we
show areas with one and three equilibria in the (¢;.¢,) space — just as in panel (a) of Fig. 3. On top of that, we depict curves
¢,¢, = c for three levels of c. Also, for illustration purposes, we drop the assumption that ¢, < 1 and ¢, < 1. Fig. 4 shows that
increasing asymmetry in trade costs tends to result in uniqueness. Intuitively, for the same geometric mean of trade costs, asymmetry
in trade costs creates incentives to concentrate manufacturing production in the region with high cost of importing and low cost of
exporting, which leads to uniqueness. The same outcome is also evident from panel (a) of Fig. 3. However, as Fig. 3 shows, imposing
the restriction ¢, < 1 and ¢, < 1 limits the effect of asymmetries on uniqueness: for example, with « = 0.9 the model has three

equilibria for most combinations of trade costs.
5. Symmetric regions

In Section 4 we used a special case with g = 1 to study the role of trade costs and parameters « and x in determining the set of
equilibria. In the current section we turn to the case of symmetric regions to study the role of parameter f. The case with symmetric
regions is formally given by parameter restrictions y = 0.5, G = 1, and ¢, = ¢, = ¢. In this case x = 1 is always a solution to
V (x) = 0, which corresponds to the outcome where each region gets half of the manufacturing labor force.?> Compared to the case
with g = 1, the patterns of equilibria in the case with § # 1 are more complex: there can be five equilibria for some parameter
combinations, and there can be a unique equilibrium for all large enough trade costs.

As evident from our key equation V (x) = 0, parameter g impacts the set of equilibria only through parameters y =gy +1 — cp
and d; = d, = 0.5¢ B! + (1 - 0.5(,5) ¢. By fixing ¢p and changing u (which entails changing fy), we can analyze the impact of
parameter f on the set of equilibria through u only, which we do first.?* Similar to the case with g = 1 discussed in Section 4,
increasing u in the case with # # 1 magnifies differences in consumer prices across locations, which potentially leads to multiplicity
of equilibria.

To set the stage, let us first consider the relatively well-studied Krugman case (« = 1) illustrated in Fig. 5. In this figure, we
fix £f = 0.5 and depict the sets and patterns of equilibria for different values of y and ¢.2* In the symmetric Krugman case,
Propositions 1, 2, and 4 can readily be applied to formally establish the patterns of equilibria illustrated in Fig. 5. Observe that
condition y < 1 combined with a = 1 is equivalent to g < %, which is an extension of the so-called “no-black-hole condition”
from Krugman (1991) to the case with an input-output loop. Thus, as is evident from Fig. 5, our results naturally extend what we
know about the original Krugman (1991) model (see, for example, Combes et al., 2008) to the case with an input—output loop: under
the black-hole condition the core-periphery structure is always a possibility, and the symmetric equilibrium is the third possible
equilibrium, which is unstable. If, on the other hand, the no-black-hole condition holds, then the picture that shows labor allocation
patterns for each value of trade costs is the “tomahawk diagram”. In this case there is a unique regular equilibrium if trade costs are
low (resulting in an unstable equilibrium) or high (resulting in a stable equilibrium), while intermediate levels of trade costs result

22 In Section 4 of the Online Appendix we explore the role of asymmetries for the case with 0 < a < 1.

23 Having ¢ fixed still allows for changes in g if they are accompanied by corresponding changes in ¢.

24 In Fig. 5, we show equilibria maps in two alternative spaces: (4~',¢~"') and (u~!, ). The focus of this figure is the (u~',¢~') space, for which we illustrate
two points in the (¢!, L,) coordinates. The figure in the (u~',¢) space allows us to zoom-in on the area close to the frictionless trade and grasp the pattern of
equilibria in the whole space of trade costs. This proves to be especially useful when a < 1, as is made evident in Fig. 6. In other sections, we show equilibria
maps only for the trade freeness parameters ¢,. Also, we consider ¢~! = z¢ instead of the trade costs r because changing u can be achieved by changing ¢, and
it is the composite parameter ¢ that is relevant for the uniqueness/multiplicity outcome rather than simply z.
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in three regular equilibria (one stable and two unstable). At the same time, irregular equilibria exist only for low and intermediate
levels of trade costs.

Let us now consider the case with a € (0,1) illustrated in Fig. 6. In this figure we still keep ¢ = 0.5 and show the sets and
patterns of equilibria for « = 0.7 and for different values of 4 and ¢. As we can see from Fig. 6, relaxing the assumption a = 1 of the
Krugman case significantly changes the set of equilibrium labor allocations. First, as established in Proposition 1, all equilibria are
regular. Second, with a € (0, 1) there are four different patterns of labor allocations depending on the value of u. For low values of
u the equilibrium is unique. For lower to medium values of u the pattern of labor allocations is a displaced ellipse. For medium to
higher values of u the pattern of labor allocations is a displaced tomahawk. And for high values of y the pattern of labor allocations
is a pitchfork.*

In Appendix D we show why u > 1 is a necessary condition for the pitchfork pattern in the symmetric case with « € (0, 1).
Observe that the pitchfork pattern in Fig. 6 resembles the pattern of equilibria in Fig. 5 for y > 1 (the important differences are that
in Fig. 6 all equilibria are regular and the equilibrium is unique for all small enough trade costs). Thus, similar to the case with a = 1,
we can think of condition x4 < 1 as the no-black-hole condition in the case with « € (0,1). For « € (0, 1) the black-hole condition
means that for all large enough trade costs the core-periphery structure is always a possibility, and the symmetric equilibrium is
the third possible equilibrium, which is unstable.

Besides the patterns of equilibria, another important message of Figs. 5 and 6 is that, for a fixed level of trade costs, lower values
of u (higher values of 4~!) tend to result in a unique equilibrium, while higher values of u tend to result in multiple equilibria.
Similarly to the case with g = 1 discussed in Section 4, with § # 1 parameter u determines how the difference in manufacturing price
indices across regions impacts the relative utility. Higher values of y magnify the difference and tend to result in multiplicity, while
lower values of u do the opposite. Lower values of u are associated with lower values of §. In turn, lower values of # imply a lower
share of the manufacturing good in consumption, thus limiting the role of the relative manufacturing price index (and therefore of
the agglomeration force) in leading to agglomeration and pushing towards multiplicity.

Now consider the impact of parameter f on the set of equilibria through d = d, = d,. In Fig. 7, we depict the sets of equilibria
in the space ((E ¢> for u = 0.3, 0.8, and 1.%° We see from Fig. 7 that for a fixed u, lower values of ¢ tend to result in multiple

equilibria, while higher values of ¢ 4 tend to result in a unique equilibrium. For a fixed ¢, higher values of ¢B are associated with

25 As we discussed in footnote 3, with 0 < « < 1 the equilibrium is always unique for low enough trade costs. This creates the “displaced” patterns in Fig. 6.
26 pictures for u < 0.308, 0.308 < u < 1, and u > | are qualitatively similar to the pictures with 4 = 0.3, u = 0.8, and u = 1, correspondingly.
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lower values of g implying a lower share of the manufacturing aggregate in consumption and a higher share of the agricultural
good. Thus, lower values of § tend to increase demand for the agricultural labor relative to the manufacturing labor, which leads to
higher agricultural wages relative to the manufacturing wages. This is reflected in larger values of d and makes the manufacturing
labor income more equalized across the regions, leading to uniqueness.?’

Let us now consider the outcome with respect to trade costs observed in all Figs. 5-7. First, similarly to the case with g = 1
discussed in Section 4, with f < 1 small trade costs tend to result in uniqueness due to the terms-of-trade dispersion force. Second,
differently from the case with g = 1, for f < 1 large trade costs can also result in a unique equilibrium. This happens due to the
agricultural-sector dispersion force. Our assumption that > 0 implies that there is always a nonzero demand for the manufacturing
aggregate in each region because of the presence of the immobile agricultural workers—consumers located in this region. Since
production of the manufacturing aggregate requires differentiated manufactured goods from both regions, both regions have to
have some amount of the differentiated manufactured good production. Large trade costs imply that a large proportion of the
manufactured good is lost during transportation, requiring a larger amount of this good to be produced in each region. This
discourages concentration of production in one region and leads to uniqueness. Another way to see this outcome is through our
equation V (x) = 0: larger trade costs increase d, making incomes more equalized across the regions and leading to uniqueness.

Finally, let us consider the effect of the input-output loop on the set of equilibria. Compared to the case with g = 1 discussed
in Section 4, when g < | parameter ¢ affects 4 and d independently from affecting « and G. The effect of ¢ through « on the set
of equilibria in the case with # < 1 is the same as in the case with g = 1: in the presence of congestion effects, lower values of ¢
(implying a higher share of the manufacturing composite in the production of the manufactured good) increase «, which tends to
result in multiplicity. The independent effect of ¢ on x works in an intuitive way: lower values of ¢ imply lower values of ¢ B, which
increases y and tends to result in multiplicity. Finally, lower values of {§ weaken the agricultural-sector dispersion force working
through parameter d, which tends to result in multiplicity when trade costs are high. Thus, as shown in Fig. 7, lower values of ¢
(stronger input—output loop) push towards multiplicity of equilibria.

6. Concluding remarks

This paper provides a complete characterization of equilibria in a two-region version of the Allen—-Arkolakis (AA) economy
extended to include an agricultural sector and an input-output loop, for which Krugman (1991) is a special case. Although our
analysis yields the full set of equilibria (including whether they are locally stable) for any set of parameters, we direct most of
our attention to the role of a few key parameters: y, which captures the net effect of agglomeration and congestion externalities
in manufacturing; e, which captures the strength of the terms-of-trade dispersion force in manufacturing; §, which captures the
importance of agriculture; and {z,,, 7y, }, which capture trade costs.

Allen and Arkolakis (2014) have already established that the equilibrium is unique if y < 0. We show that this sufficient condition
for uniqueness is too strong in the sense that there are conditions under which uniqueness is ensured for positive y as long as a < 1
(or y < 1/¢). Thus, for example, there are explicit conditions on parameters such that the equilibrium is unique even if agglomeration
externalities are stronger than congestion externalities, implying that y > 0. This is possible thanks to two dispersion forces that do
not play a role in AA’s sufficient condition y < 0. First, a region’s terms of trade worsen as it expands, and so a lower trade elasticity
or lower trade costs (which increase the relevance of the terms of trade for a region’s welfare) make uniqueness more likely. In the
extreme, the equilibrium is unique under frictionless trade for all « < 1, as shown in Proposition 2. The second dispersion force
arises thanks to the presence of agriculture, which is captured by # < 1. This lowers the share of manufacturing in consumption,
which weakens the link between a region’s size, its manufacturing price index, and the welfare of mobile workers, and thus tends
to make uniqueness more likely. In the extreme, the equilibrium is unique for all trade costs if g is sufficiently low, as shown for
the case with no input-output loop in Corollary 2.

These two dispersion forces have different implications for the role of trade costs in affecting whether there is a unique
equilibrium. In the special case with no agriculture, for which we give a complete characterization of equilibria in Proposition 5, for a
given ratio of trade costs (i.e., 7,,/7,, = ¢ for some ¢) the equilibrium is unique if and only if trade costs are below a certain threshold.
The presence of agriculture complicates this simple relationship between trade costs and uniqueness. Immobile agriculture workers
affect the location of manufacturing demand, and this matters for the location of manufacturing production more when trade costs
are higher. Thus, whereas higher trade costs weaken the terms-of-trade dispersion force, they actually strengthen the dispersion
force associated with agriculture. This explains why for certain parameter configurations we now have a unique equilibrium with
low or high trade costs and multiple equilibria for intermediate levels of trade costs.

The modern quantitative spatial economics literature typically uses some version of the AA model with parameter values such that
x <0, ensuring a unique equilibrium. However, theory-consistent estimates by Bartelme (2018) of key parameters of the AA model
imply that the assumption y < 0 might not be supported by the data at least at a certain level of aggregation. Moreover, Baum-Snow
et al. (2020) argue that a unique-equilibrium version of the AA model is at odds with their empirical finding that infrastructure
improvements in China lead to concentration of economic activity. At the same time, He et al. (2020) find the opposite effects when
looking at similar data for China but considering different units of aggregation. Our analysis shows that if 0 < « < 1 and g # 1

27 The tendency for equalization of manufacturing labor income across the regions for small values of § and correspondingly large values of w*/w, can be
seen from the manufacturing good market clearing condition (6). With higher values of w*/w,, the right-hand side of (6) tends to be more driven by the terms
w* LA, which are the same across the regions in the symmetric case.
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then reducing transport costs can lead to intermittent regions of concentration and dispersion of economic activity. This could be a
potential explanation for the mixed results in the empirical literature.

The main limitation of our analysis, of course, is that we restrict it to two regions. With more than two regions, it is
straightforward to establish that AA’s sufficient condition for uniqueness, y < 0, is valid even when there is agriculture and an
input-output loop, #,¢ < 1. It should also be possible to generalize to more than two regions our result in Proposition 3 that if
a < 1 then there is a unique equilibrium if trade costs or g are low enough. Broadly speaking, we see our results as suggestive of
the importance of trade costs, the trade elasticity, and fixed factors (here agriculture) in determining whether the equilibrium is
unique in more general environments. Beyond that, providing tight conditions on parameters that ensure that the equilibrium is
unique with more than two regions seems very challenging.
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Appendix B. Proofs for Section 3

B.1. Proof of Proposition 1

—£
In equilibrium, at least one region is inhabited. Hence, L{" (wf Pl.l_g) > 0 for at least one i — otherwise wf PI.l ¢ needs to be
—E&
infinite for all i with L; > 0, which cannot be an equilibrium. Moreover, if Lf“’ (wfl’,.l_g) is not a finite number for some i, then

expression (4) for P, implies that P, = 0 for all n, which cannot be an equilibrium either. Hence, L{" (wa,.l_C> ‘ is finite for all i
and positive for the inhabited regions. Expression (4) for P, then implies that P, is positive and finite for all n (regardless of whether
the region is inhabited or not).
The rest of the proof of Proposition 1 closely follows the AA’s proof of existence of irregular equilibria. Namely, we consider the
equilibrium conditions with L; > 0 for all i and take the limit as L, — 0 for one of the regions i =1 or i = 2.
The manufactured goods market clearing condition (6) implies
1

€ ey=1  _(=pe [ N T+e
w; =AML p e [Z TP 0B (w, L, + wLA) +(1-0) wnLn]] .
n=1
Substituting this into (2) and combining with (3), we get
e (+8)a=1) (-0e
= _(1—p | e=d) _p Ltk
U, =L_liAi1+gs [wA] (1-p) Li T+Ce 1)1 T+¢e B.1)
N e
x [2 T EPE 0B (w, L, + wLA) +(1-0¢) wnLn]]
n=1
Taking the limit L; — 0, we see that U; — o if « < 1 (as we have argued above, P, has to be finite for all regions, including regions
with L; = 0). Hence, in the case with a < 1 irregular equilibria are not possible. This proves part (i) of Proposition 1.

Next, consider the case with a > 1 and suppose that L, = L and L, = 0. Then (B.1) implies that U, is a finite positive number
while U, = 0, and thus condition (8) is satisfied with U = U,. Therefore, the allocation L, = L and L, = 0 is an equilibrium. Clearly,
the mirror image allocation L, = 0 and L, = L is also an equilibrium. This proves part (iii) of Proposition 1.

- _o 1
Finally, consider the case with « = 1. Consider the allocation L, = L and L, = 0. We have P, = w,/(A;L¥)¢ and P, = 7, P|.

Also, A;; = A4y; =1 and 4}, = Ay, = 0. From (B.1) we find
g e
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Uy =i A A, [w ] T w, L €

L
X [eif €A+ 1= w L+ puwA L + <5, ¢ pu Lo e
The equilibrium condition that U; > U, gives

€P+1-0 w L+ ¢puwr LA+ ¢ puwtLly (B.2)
> [ [€B+ 1= w L+ puw L] + ¢5' ¢ puw Ly G

where G = (121/L72)1+6 (A /A)5, u=p/e+ )+ (1 =), and ¢, = 7,5 and ¢, = 7 f.

Consider the case with g = 1 and I:f‘ = i; = 0 (no agricultural sector in both regions). In this case, inequality (B.2) becomes
G > ¢, ¢}. Thus, we get that the allocation L; = L and L, = 0 is an equilibrium if and only if G > ¢, ¢}, which is the condition in
part (ii.a) of Proposition 1 for g = 1 (or, equivalently, for g = 0).

Now consider the case with 0 < # < 1. In this case, the agricultural goods market clearing condition (7) gives

AL A
wy _ B .L1+L2

wA 1-p I
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Substituting this into (B.2) and after doing some algebra, we get the condition from part (ii.a) of Proposition 1
— u—1 —
G > (7hey + iy (1-¢78).

Proving part (ii.b) of Proposition 1 can be done in an analogous manner.
B.2. Derivation of the key equation for regular equilibria analysis

Denote / = L,/Ly, p= P,/P;, and w = w,/w,. Also, denote a = (i,/ii; )", b = (A,/A,)", and ¢, = ;¥ and ¢, = 7;¢. In the case
of regular equilibria, the complementary slackness condition (8) implies that both regions have the same welfare U and we can
combine (2)—(3) for the two regions and get

U, L 16
l=— =acw ' °pf B.3
v, _¢wrr (B.3)
Dividing onto each other price indices for the two regions given by expression (4), we get
1
+ blev e p~(1-0e 17
_ () p (B.4)
1 + ¢ blevw—<ep=(1-0e
After substituting this expression into (B.3) and doing some algebra, we get
U \7  _1 e e 4 bV w e p=(1-0e
= (L) =a w17 il (B.5)
U, b, + blevw<ep-(1-0¢

Next, the manufactured and agricultural goods market clearing conditions (6) and (7) for the first region can be written as

1 | LUAL? \
T 1+ ¢y blevwSep-(-0e Ch{ 1+ w, L, =0

¢ w3 L
+¢2+blf‘l’w’§5p’(1’§)5 S| wl+ w L, +0-=-Dwl|,

( ALA+wALA

wi L,

>—(1—ﬂ)(1+wl)

Solving for w, L, from the second equation and substituting into the first, gives
_ 1
T 1+ ¢y blevwtep(-0e
+ ¢2
¢y + blevw—Sep=(1-0e

(1-¢7B+erpun) (B.6)

(678 + (1-¢rh)wr)

whereﬁ=1—ﬂ,yELA/(ZA+l:A) andy=1-y.

The equilibrium system of equations is given by (B.4)-(B. 6) Let us lntroduce the change of variables x, = b/ w™¢¢p~(1-9¢ and

1 1= 1 1-¢
X, =lw. Then I = b E(v+¢>x“”’+¢) "’*(pw+f and w = ¥+ x| ~D "’“p w+¢ and Egs. (B.5) and (B.6) become

1
¢2 + Xl €
P=\ 77— 5
1+ ¢1X1
U Lo S e (10(46) | 4 ¢, x
1= <_' =a P Fwrd x VO x PV b Ity L
¢y + x|

U,
|78+ (1= 7B) dubs + b |,
02+ (crB+ (1-07B) tua)

Xy =

Substituting p and x, from the first and third equations into the second equation, and after doing some algebra, we get
(w+e

1:<ﬂ> e (ﬁ)“’x}w<1+¢1x1>*‘<1+d1x1>“
U, b, ¢y +x; dy + x

where a = W50y = 0D () _ g):ﬁ(g +§) +(1-¢),and

.o ¢rB+ (1-78) i md §7ﬁ+(1—¢7ﬁ)¢1¢2.

[ o

In the main text and elsewhere in the appendix we use x instead of x;.
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B.3. Maximum number of regular equilibria under costly trade

Proposition 6 (Maximum Number of Regular Equilibria Under Costly Trade). Assume that trade is costly (¢;¢, < 1).

() If a # 1 then the economy has at most five regular equilibria.
(ii) If « = 1 then the economy has at most three regular equilibria.

Proof. Taking the first derivative of V (x) defined in (12), we get V' (x) = x~! W, (x) /W, (x), where
Wy ()= (1+¢x) (¢ +x) (1+dx) (dy +x) .
Wy () =(Il—) W (x)—u(1-¢1dy) (1+dx) (dy +x) x
—a(1-dydy) (1+¢x) (¢ +x) x.

We see that V’/ (x) = 0 if and only if W, (x) = 0. Expanding the terms of W, (x), we can see that in the case with a # 1 it is a 4th
degree polynomial, while in the case with « = 1 function x~!W, (x) is a quadratic polynomial. Since a nth degree polynomial has at
most n real roots, function V (x) has at most 4 extrema if « # 1, and it has at most 2 extrema if « = 1. Since a continuous function
with n extrema can intersect the horizontal axis at most n + 1 times, we get that equation ¥ (x) = 0 can have at most 5 solutions if
a # 1 and it can have at most 3 solutions if a = 1. []

The fact that for a # 1 solving equation V' (x) = 0 for x > 0 is equivalent to finding roots of a fourth-degree polynomial has

one more important implication for our analysis. Suppose that 0 < x < - < xj, with 0 < M < 4 are distinct positive real

solutions to V' (x) = 0. Since roots of a fourth-degree polynomial can be found analytically, we can obtain closed-form (although,
very complicated) expressions for xj,...,x},. These expressions depend only on the exogenous parameters of the model. Each of

the points x},...,x% can be either a local extremum of V' (-) or an inflection point. Checking the signs of V (x;‘) LV (x’j‘u) as

well as lim,_, V' (xjwand lim,_, o, V (o), we can unambiguously determine how many times function V () intersects the horizontal
axis, which would give us the number of regular equilibria in the original economy.?® For example, if M = 0 then function V (-) is
monotonic and so there could be only one regular equilibrium. As another example, suppose that M =2 and V' (x*l‘) <0,V (x’zk) >0,
lim,_,V (x) = o and lim V (x) = —co. In this case xj is a local minimum of V (), x5 is a local maximum of V (-), and V (-)
necessarily intersects the horizontal axis three times, implying that there exist three regular equilibria.

X—00

B.4. Applying function V for stability analysis

In this appendix section we show that it is enough to analyze the sign of the derivative of V' in order to determine stability of
regular equilibria of the economy. Formally, we show that dw/dL, < 0 if and only if dV (x) / d1Inx > 0. We then use function V to
provide results on stability of unique equilibria in the cases with « € (0,1) and a > 1.

Here we use the definitions introduced in Appendix B.2. The key result is the following lemma.

Lemma 1. x is a decreasing function of L, dlnx/d InL; <0.

Proof. Note that

is a decreasing function of L,. Thus, showing that dInx/d In L, < 0 is equivalent to showing that d Inx/d In/ > 0, which, in its turn,
is equivalent to showing that d In/ / dInx > 0, which we do below.
Derivations in Appendix B.2 give

- o L K 1+() ic e
=p e+ x VT ¥ 3
I=b x; x, " p

1
e(y+¢)

Ce
i ["_' (2) e ey o] ™ feacol ™|

2

where in the second line we used x instead of x; (as we do everywhere in the paper). We have

e +0 T = (1400 - (10 (1= i) £y 0+ L+ (1= dydy) 1,0,
where

fp=——*  and fy(n=— X

¢ (1+¢yx) (¢ +x) ¢ (1+d;x) (dy +x)

28 Qur exhaustive analysis of regular equilibria in the Krugman case — provided in Section 2 of the Online Appendix — is based on this logic. The same
logic is also used in our analysis of multiplicity of regular equilibria for the AA economy (f = 1) in the case of 0 < a < 1, which is presented in Proposition 5
in the main text.
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Function f, (x) is a concave function that achieves its maximum at x;) =4 /¢1‘1 ¢,. Similarly, f, (x) is a concave function that achieves
its maximum at x}, = \/dl’ldz. Thus, we have that for all x > 0,

0< f(0)< 1,y (;@;) - % and 0< /()< fy(x}) = — 21— (B.7)

<1+ ¢1¢2) <1+ d1d2>2

This implies that

=0 (1= Vs
(=0 (1= i) () S ——————> <1,
L+ +v/d1

and so

dinl
dlnx

Next, if d,d, < 1 then we immediately get dIn//dInx > 0. If d,d, > 1 then the bound (B.7) on f, (x) implies

4/d —
did, —1 x)§L1<l,
(dydy = 1) fy(

didy +1

e-(w+0) >Ce-[14 (1-dydy) f4 ()] .

and so 1 + (1 —d,d,) f; (x) > 0, which implies that dIn//dInx > 0. [J

The derivations in Appendix B.2 show that V (x) = % Inw, where w = U, /U,. Then we can write
dinw _ 1+6 dV(x) dlnx

dinL, ~ (w+¢e dlnx dlnL,

We have Wl:‘sg > 0 and also, according to Lemma 1, we have dlnx/dL, < 0. Therefore, dlnw/dInL;, < 0 if and only if
dV (x) / dInx > 0. Obviously, for regular equilibria the sign of d Inw/dIn L, is the same as the sign of dw/dL,. Thus, we get that
dw/dL; <0 if and only if dV (x) /dInx > 0.

We now use function V' to prove results on stability of unique equilibria in the cases with « € (0,1) and « > 1.

Claim 1. For « € (0, 1), if an equilibrium is unique then it is generically locally stable. For a > 1, if an equilibrium is unique then
it is generically unstable.

Proof. Observe that if 0 < « < 1 then lim,_,, V' (x) = —o0 and lim,_, V (x) = oo. Therefore, if there is only one X > 0 such that
V (%) = 0, it has to be the case that function V (x) cuts the horizontal axis from below, implying that V' (%) > 0. Generically, V' (%) # 0
and so the corresponding equilibrium is generically locally stable.

Similarly, for « > 1 we have lim,_,V (x) = o0 and lim,_, V (x) = —oc0. And so if there is only one X > 0 such that V' (%) = 0,
it has to be the case that function V (x) cuts the horizontal axis from above. Thus, the corresponding equilibrium is generically
unstable. [

B.5. Proof of Proposition 3
In the proof of Proposition 3, we are going to use the following result.?

Lemma 2. If ¢,¢, < 1, then there exist €,,¢, € (0, 1) such that for any ¢, € [0,€,] and e, € [0,¢,] and any y we have

(1=e)" (B1¢h) fp ) < fu ) < (1= &) (dydy) ™' fpx), forall x>0, (B.8)
where
To ) (Itd) (batn) Ja (1+d,x) (dy +x)

Proof. Given the definitions of d;, and d,
¢rB+ (1-6r8) i ¢7p+ (1-678) ib2
= and d, = )
() *

we can write d; = u;¢;" and d, = u,¢}!, where

d

u=Erf+(1-0r8) dig and w =7+ (1-C78) i

29 Note that Lemma 2 does not involve parameters « and .
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Then the definitions of f, (x) and f, (x) imply

Fp ) = [¢idho] Ry 0 f4 ) and £, (0 = [dydy] T By (0) £ (), (B.9)
where

1+ ¢x ¢y +x
1 +u;1¢1x u]_'qﬁz +x

14+dx dy +x

hy (x) = .
¢ 1+u|_]d1x u;]d2+x

and h,(x) =

Clearly, u; < 1 and u, < 1 as long as ¢,¢, < 1. This implies that A, (x) < 1 and A, (x) < 1 for all x > 0. Let us focus on hy (x) and
show that a stronger result holds: there exists some 0 < ¢, < 1 such that A (x) < 1 —¢,. Proving a similar result for h, (x) can be
done in an analogous manner.

Consider the following function

MII¢2+X 1+¢x

h = - .

¢ $r+x L+u;'dyx
We have

%(X)= (' =1) ¢y [py— B+ (1 —u3'¢yB) x| - [ + B+ (1 +u;l¢13)x]’

(14165 pyx)" (¢ +x)°
where
-1 _
B= M (B.10)
(u;l -1)¢,

Let us go through different cases for the signs of (¢, — B) and (1 - u;'¢ B).

(i) ¢—B=0and 1 —u;1¢1B=0. Then 7z¢(x)= 1—uy, >0 for all x> 0.

(i) ¢ —B <O0and 1 —u;'¢p; B <0; or ¢ — B=0and | —u;'¢; B <0. In these cases h:ﬁ (x) <0 for all x > 0 and, thus, hy (x) is a
decreasing function and A, (x) > lim,_ kg (x) = 1 —u, > 0 for all x > 0.

(iii)  —B>0and 1 - u;lq’)lB >0;or¢p—B=0and 1-— u;lq.')] B > 0. In these cases 71;5 (x) > 0 and, thus, 7z¢ (x) is an increasing
function and kg, (x) > lim, o hy (x) = u7' — 1> 0 for all x > 0.

(iv) ¢—B>0and 1 - u; ¢, B < 0. In this case izd, (x) is a concave function bounded below by the minimum of lim,_, i’d} (x) and
lim, ., A, (x), which are both positive.

(V) ¢p—B<0and 1- uy 1%, B > 0. This is the most involved case, in which 7z¢ (x) is a convex function that achieves its global

minimum at x* = B__1¢2 . We have
1-u;'¢ B
y () ul'dy (1-uz'eyB) + (' = 1) ¢ B2+ (¢ B—1) ¢y
X = .
¢ (1-u;'¢,¢,) B

Substituting B> from (B.10) into this expression and after doing some algebra, we get
o (x°) = [2(1—u)uy = (1 —wyuy) ¢y B] b,
¢ (1—14;1471472)“1"23

Given our case-(v) assumptions that ¢, < B and 1 — u; '¢,B > 0, we get | — u; Yp1py > 1 — u; ¢, B > 0. Thus, the denominator of
(B.11) is positive.

Next, suppose that 1 —2u; +u u, > 0. This is equivalent to 1 —uju, <2 (1 —u,). Using this inequality in the numerator of (B.11),
we get

2(1—u1)u2—(l—uluz)q’)lBZZ(l—ul) (uz—q.’)lB) >0,

where the second (strict) inequality above follows from our case-(v) assumption that ¢, B < u,. This allows us to conclude that
714) (x*)>01if 1 —2u; +uju, > 0.
Now suppose that 1 — 2u; + uu, < 0. Our case-(v) assumption that B > ¢, is equivalent to

(1—u)uy > (1= uy) u . (B.12)
Substituting the definition of B from (B.10) into the numerator of (B.11) and using inequality (B.12), we get
2(L—uy)uy— (1 —ujuy) B
_ [2\/(1—u1)(1—u2)u1u2 (6162) " = (1~ uws)| 9,

> = (1= 2u; +uyuy) ¢, B.

(B.11)

The expression in the last line is positive due to our supposition that 1 — 2u; + u;u, < 0. This implies that 71¢ (x*)>0.
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Thus, we get that in case (v), regardless of whether 1 —2u; +uju, >0 or 1 —2u; +u u, < 0, we have h¢ (x*) > 0. Then, given that
in case (v) function %, (x) is convex and x* is its global minimum, we get that 7 (x) > h (x*) > 0 for all x > 0.

Cases (i)—(v) imply that there always exists a ﬁd) > 0 such that 7z¢ x)>h " for all x > 0. The definitions of 4, (x) and 714, (x) then
imply that

N X l+u;1¢1xh - . L+us' g x A !
= - < 2 . .
g =\t g e | <\ Iy gy

Since u, < 1, we have

L+u;'gx
2 . n >h
l+¢x —47—¢

for any x > 0, and so we get that h, (x) < 1 —¢,, where ¢, Eﬁdj/ (1 +Q¢). Clearly, 0 < ¢; < 1.
Repeating the same proof for h, (x), we can show that there exists 0 < ¢; < 1 such that h; (x) < 1 — ¢;. Going back to
expressions (B.9), we get

T < (1-¢g) [¢1¢2]_1 fa and  f; ()< (1-¢4) [dldz]_l fp ).

Clearly, if the above inequalities are satisfied for ¢, > 0 and ¢4 > 0, they are also satisfied for any ¢, € [0,¢,] and €, € [0,¢4] in
place of ¢; and ¢, respectively. This completes the proof of Lemma 2. [J

We now turn to the proof of Proposition 3. We will work with function

Vx)=InG—-aln <%> +(I—a)lnx+pulng, (x)+alng, (x)
p)
defined in (12) for x > 0. We have that if « < 1 then lim,_,V (x) = —c0 and lim,_, V (x) = o0, and if & > 1 then lim,_, V (x) = o
and lim,_,,, V (x) = —oo. Thus, there is at least one positive solution to ¥V (x) = 0. Our strategy is to derive conditions under which
V (x) is monotone, which would imply uniqueness and stability properties.
Differentiating V (x), we get

av

dln();c) =(-a)=u-(1=¢1¢y) fo ) —a- (1 =dydy) fy (x). (B.13)
where

fp0)= ad and f,(x)= X (B.14)

(1+¢1x) (62 +x) (1+dx) (dy+x)

Consider f, (x). We have

2
b <[x;")] —Xz)
(1+¢1x)° (¢ +x)°
where x* = ‘/¢1‘1¢2. We see that f(; (x;) =0, and f(; (x) > 0 for x < x;‘S and f(; (x) < 0 for x > x*, which means that x* is the

¢ [
-2
global maximum of f, (-). Evaluating f, <x;‘)) gives f, (x;’)) = <1 + \/qblqbz) . Similarly, f, (x) achieves its global maximum at

[y =

-2
Xk = ,/dl‘ld2 with f, (x:;) = (1 + \/dldz) . Clearly, f,(x)> 0 and f, (x) > 0 for all x > 0, and so we have the following bounds
for f, (x) and f,; (x),
% and 0<fd(x)s+2.
(14 o) (1+ @)

Case (i): @ < 0. We have that for any «,

p=p(Lac)+ra-o=L02,

If @ <0 then p < B¢ + (1 = ¢) < 1. Using the upper bound (B.15) for f, (x), we get

-\ d, -
1+1/19,
Thus, p- (1 - ¢¢,) £ (x) < 1 and so
av (x)
dlnx
If d,d, < 1, then we immediately get that dV (x) /dInx > 0. If d,d, > 1 then we can use the upper bound (B.15) for f, (x) to get
Vdid; -1

(didy=1) fy(x) < ——— <1,
didy + 1

0< fp(0) < (B.15)

1-¢)>0.

(1=1¢) £ () < L.

>—a-[1+(1-ddy) )]
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which again implies that dV (x) / dInx > 0. Thus, V (x) is a (strictly) increasing function, and so there can be only one solution to
V (x) = 0. Also, the fact that dV (x) / dInx > 0 implies that the corresponding equilibrium is globally stable. This proves part (i) of
Proposition 3.

Case (ii): 0 < a < 1. Suppose that d,d, < 1. Using the upper bounds (B.15) on f (x) and f, (x) and the restriction 0 < a < 1, we
get

LA N ek U T Rk I
anx Va1
From here we see that if
14+ 1-2a+/dd,

1—1/¢19, 1+ +/dd,

then V' (x) > 0 for all x > 0, except for, perhaps, one point x* with ¥/ (x*) = 0. This point x* exists only if fp(x) and £, (x)
achieve their corresponding global maxima at the same point and, in addition to that, inequality (B.16) holds with equality. Thus,
if inequality (B.16) holds, then V (x) is increasing in all points except for, maybe, one. This implies that V (x) can intersect the
horizontal axis only once and the corresponding equilibrium is generically globally stable. This proves part (ii.a) of Proposition 3.

Next, suppose that d,d, > 1. We can use one of the inequalities (B.8) from Lemma 2, f, (x) > (1 — e)! (¢1¢2) fp (x) for any
e € [0,¢], to get

dv (x)
dlInx

(B.16)

up, =

>(I—a)=[u-(1=d1py) —(A—e) " a- (dydy — 1) 1 ¢hy] [ (). (B.17)

a-(dydy—1)p by

s then dV (x) / dlnx > 1—a > 0 for all x. Thus, in this case V (x) is an increasing function.
—¥1

From here we see that if y <

Suppose that u > W. Then for all small enough ¢ > 0 (including a nonzero measure of ¢ # 0) we have
—P192
a-(did,—1
,4—(1—e)*1—( = Dbidr
1—¢¢,

Then we can apply to (B.17) the upper bound (B.15) on f, (x) to get that for all small enough e > 0

av ) L (didy 1) didy | 1= /iy
2(l-a)—(p->0-¢) .
dlnx 1 -1, 1+ /10,
From here we see that if (1 —¢) u < u;, where
(didy = 1) b, 1+1/¢1d,

Hza 2 T2 ). ,
B = T g 4, (- 1-/é, 0,
a'(d1d2_1)¢1¢2'

then dV(x)/dlnx > 0. Since y > 0 for any a, if y < i, then (1 —¢)u < u, for all ¢ € (0,1). Observe that z, > e
Therefore, we get that if d,d, > 1 and u <, then dV (x) / dInx > 0 for all x > 0, and so there can be only one positive solution to
V (x) = 0. Also, the corresponding equilibrium is globally stable. This proves part (ii.b) of Proposition 3.

Case (iii): a > 1. The proof for this case is very similar to the proof for case (ii).

Since we have i > 0 and « > 1, expression (B.13) for dV (x) /d In x immediately implies that if d,d, < 1 then dV (x) /d Inx <0
for all x. So, in this case V' (x) is a decreasing function and there can be only one positive solution to V' (x) = 0. The corresponding
equilibrium is unstable. This proves part (iii.a) of Proposition 3.

Suppose now that dyd, > 1. We can use one of the inequalities (B.8) from Lemma 2, f,(x) > (1 - e)! (dldz) fq (x) for any
e € [0,¢], to get

dv (x)

Ty SU-o- [(A=e T u-(1-¢1y) dydy—a- (didy —1)] f4 (%) (B.18)
From here we see that if x4 > % then dV (x) / dInx <1 —a <0 for all x. Thus, in this case V (x) is a decreasing function.
—P192)d142
Suppose that y < %. Then for all small enough ¢ > 0 (including a nonzero measure of ¢ # 0) we have
—¥1 1
a-(did, —1

P A G L )

(1-¢1¢) ddy

Then we can apply to (B.18) the upper bound (B.15) on f, (x) to get that for all small enough ¢ > 0

WV e (L-tidp)didy | Yidr — 1
dinx ~ did, — 1 </d1d2+1.
From here we see that if (1 —¢)™! y > ﬁ, where
didy —1 1 - 2a ++/d,d,
(1— 1) dyd, Vdidy =1 ’

7
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a-(dydy—1)
_ (1=¢12)ddy
we get that if d|d, > 1 and u > u then V (x) is a decreasing function, and so there can be only one positive solution to ¥V (x) = 0.
The corresponding equilibrium is unstable. This proves part (iii.b) of Proposition 3.

then dV (x) /d Inx < 0. Since u > 0 for any «, if u > ﬁ then (1 —e)™' > ﬁ for all € € (0, 1). Observe that /3 < . Therefore,

B.5.1. Corollary: uniqueness under small trade costs or small a« € (0, 1)

Corollary 1. Assume that 0 < « < 1 and ¢,¢, < 1. The economy has a unique regular (generically globally stable) equilibrium if ¢, ¢,
is close enough to 1 or « is low enough.

Proof. Suppose that ¢;¢, < 1, where “5” means approximately equal but less than. Since d;d, <1 is equivalent to
— 072
vvép

(1-¢78) (1-¢rp)

having ¢,¢, < 1 implies that d,d, < 1. Also, we have d|d, —» 1 as ¢; — 1 and ¢, — 1. Thus, we have that ¢;¢, 5 1 implies

~ ~

1+4/d1 2 . 1-2a++/dd,

<P <1,

dyd, 5 1. Then, to establish uniqueness under 0 < @ < 1 we need to show that the condition u < in part (ii.a)

1=v/¢142 I+y/dydy
of Proposition 3 holds. With ¢,¢, $ 1 we have that VA g positive and large, and so it is enough to show that 1 — 2a + 4/d,d,

1=v\/¢1¢2

> a. For any « there are always trade costs that are low enough so that d,d, is close to 1

1++/d dy
2

is positive. This is equivalent to

+4/dd;

1
and, consequently, >

Consider now a Z 0. Suppose first that d,d, < 1. We have that y ~ g{ + (1 -¢) <1 and n, » :J:F% > 1, and thus u < u, for

192
low enough « > 0. Part (ii.a) of Proposition 3 then implies uniqueness for d;d, < 1 and « g 0. Now suppose that d,d, > 1. Then,
, ~ 1+V¢1dy
R

uniqueness for did, > 1 and « 2 0. [J

is close enough to 1. Since a < 1, then the inequality follows.

> 1 for « Z 0, while we still have y =~ ¢ + (1 —¢) < 1. Thus u < u, and part (ii.b) of Proposition 3 then implies

B.5.2. Corollary: Uniqueness for a € (0,1) and small p

Corollary 2. Consider the case without an input—output loop. If 0 < a < 1 then there exists a small enough p > 0 such that the equilibrium
is unique for all ¢, <1 and ¢, < 1.

Proof. Assume that { = 1. Denote ¢ = ¢, ¢, and let

(¢—f¢ (ﬁ)) (-1

fa(@.p)=didy =1+ - ¢
with

=2

rvp ‘
(1-77) (1-75)
It is straightforward to check that o (B) €10,1] for g € [0, 1]. Thus, we have that f,; (¢.8) <1 for ¢ € [f,,, B, 1] and f, (¢, ) > 1
for ¢ < f, (B). Observe that f, (§) is a decreasing function of § and f, (#) = 1 for § = 0. Thus, we can make f, (§) arbitrary close 1
(from below) by choosing f close enough to 0.

Next, given that
0fq (. ) _
i

we have that f, (¢, f) is a convex function of ¢ that achieves its minimum at ¢ = 4/ o (B) > fo (B). Simple algebra reveals that

Fa(VIo®.8) = (2= /16 ®) /15012 1/ 150

Thus, we have that f, (¢, ) 2 /f, (B) for all ¢ € (0,1] and § € [0, 1].
Let us now show that we can choose a small enough g > 0 such that equilibrium is unique for all ¢,,¢, € (0,1]. If ¢, = ¢, =1
then equilibrium is unique for any g € (0, 1] thanks to Proposition 2. Suppose that either ¢, < 1 or ¢, < 1 or both, which implies
1 1
that ¢ € (0,1). Let #; > 0 be such that [f, (8;)]* = a. Then [f, (¢.8)]? > a for all g € (0,4 and ¢ € (0, 1), which, combined with
the fact that f, (¢, ) < 1 for all § € (0,1) and ¢ € [, (8). 1], implies that for all § € (0,4,] and ¢ € [f,;(8).1) and we have

INGE

¢ (02— f4 (D),

1
_ 1+\/$ 1 =20+ [f; (. p)]? 2 _14ad® 1-a
a= : 1 Z”azl_az.
=Vo 17,6

>0,

where 7, is the constant used in part (ii.a) of Proposition 3. Here we also used the fact that £ (8) > f, () = * for all g € (0, 4,].
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Next, for any g € (0,1) and ¢ € (0, f,, (8)) we have £, (¢, ) > 1 and

(dydy—1) 1 by 1+14/¢1d,
1- /10,

Hy=a- +(1-a)- Zﬁbsl—a>0,

1=¢1¢, b1

where 7, is the constant used in part (ii.b) of Proposition 3.

Finally, 4 = p(y +1) is an increasing function of § and thus we can choose g, € (0, ﬂl] such that g, (y + 1) < max ﬁa,ﬁb}.
This value of §, > 0 is such that the equilibrium is unique for all ¢, ¢, € (0,1). Indeed, if ¢, € [/, (,).1) then d,d, < 1 and
u <1, <1, and so equilibrium is unique by virtue of part (ii.a) of Proposition 3. If, on the other hand, ¢,¢, € (0,74 (82)) then
dyd, > 1 and pu < u, <H,, and so equilibrium is unique by virtue of part (ii.b) of Proposition 3. [J

B.6. Proof of Proposition 4

We break the proof of Proposition 4 into three Lemmas. Lemma 3 establishes sufficiency of conditions (a)-(c) of Proposition 4
for uniqueness of a regular equilibrium, Lemma 4 deals with existence, and Lemma 5 deals with stability.

Lemma 3. Assume that « = 1, ¢, ¢, < 1, and any of the conditions (a)-(c) of Proposition 4 holds. Then the economy has at most one
regular equilibrium.

Proof. For a = 1 function V (x) defined in (12) becomes

V(x):lnG—ln<z—1> +ulng, (x)+1Ing, (x).
2

Let us introduce the change of variables

Lo (L+oix Lu
- ¢2+X ’

which implies that

L
1 — pyzTr
X = l—
Z W — ¢,
Observe that z ranges from ¢, U+ o ¢i+" as x ranges from 0 to co.
Given the definitions of z, d;, and d,, and using the assumption ¢,¢, < 1, we can write

— — 1
v g P+ (1-aB)dz

dy) +x b

(1-c78) by + 7P

Substituting this and the definition of z into V (x), and after doing some algebra, we can write equation V (x) = 0 as V (z) = 0, where

1
. N 1= gzt
V(z)z<(1—cyﬁ)¢l+cyﬂzl+u>~ 1-expy| S22
ZH — ¢
e _ —
= 7Bz - ¢ypGz — (1-87) daGz + (1- 78 6. (B.19)

Formally, equation ¥V (z) = 0 is equivalent to equation V (x) = 0 only for z € (q‘)i” ,q‘);(””)). At the same time, function V (z) is
defined for any z > 0. Moreover, V (z) = 0 has at least one solution for some z > 0, because V (0) > 0 and lim,_, V (z) = —oo,
while equation V' (x) = 0 might have no positive solutions. In the proof of the current lemma, we analyze multiplicity of solutions
of equation V (z) = 0 for all z > 0.

If 4 = 0 then we can explicitly find that the solution of equation V (z) = 0 is z = h1¢; 1G-1.1f y = 0 and § > O then V (z) is
a concave function achieving its maximum at a positive z*. Then, given that ¥ (0) > 0 and lim,_,, V (z) = —o0, we conclude that
V (z) intersects the horizontal axis only once. If y = 1 and ﬁ > 0 then V (z) is a strictly decreasing function with ¥ (0) > 0 and
lim,_,, V (z) = —co. Hence, again, V (z) intersects the horizontal axis only once. This proves the current lemma for the case when
any of the conditions in part (a) of Proposition 4 holds.

If 4 = 1 then equation V (z) = 0 turns into the quadratic equation,

— _ 1 —
(1-¢7) #:Gz = (7 - 1G) ¢pz> = (1-¢78) 1 =0,
which has a unique positive solution. This proves the case with u = 1.
In what follows, we assume that # # 0 and 0 < y < 1 and consider the cases u < 1 and x > 1. We have
1

~ — K e —
V(@) = 7P = ey BG2 T~ (1-61B) 4,6, (B.20)
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- _lou

V" () = HErBG -t (T -z, ), (8.21)

1+ /4)

where

Lip

_ 4 I-u
Zp = <:G> . (B.22)

14

Consider the case with 4 > 1. In this case, V"' (z) < 0 for z < Z,, and V" (z) > 0 for z > Z,. Thus, V' (z) is a convex function with
7, being its minimum. We have

~) = -1 - # __ 1 _u —
V' (20) =~ BTy TG — (12 078) 4G (8.23)

Clearly, V' (z,) < 0, which, together with lim__, ¥’ (z) = o0 and lim__,, V' (z) < 0, implies that V"’ (z) intersects the horizontal axis
only once for some z] < Zz,. Therefore, V (z) is increasing for z < zj and decreasing for z > z}. Then, given that vV (0) > 0 and
lim,_, ., V (z) = —o0, we have that V (z) intersect the horizontal axis only once for some Z > z ThlS proves the current lemma for
the case when condition in part (b) of Proposition 4 holds.

Now consider the case with y < 1. In this case, V" (z) > 0 for z < Z, and V" (z) < 0 for z > Z,. Thus, V' (z) is a concave function
with Z,, being its maximum. Evaluating V' (Z,) we get the same expression (B.23) as before. It then is straightforward to check that
if

1
¢y > ¢2_;’4.M<Z> o G_ﬁ,
THu 1-¢rp

then V' (EO) < 0, which implies that V' (z) < 0 for all z. This means that in this case V (z) is a decreasing function that intersects
the horizontal axis only once.

The case with ¢, = ¢, (and u < 1) is similar to the case with ¢, > ¢, with the only difference that if ¢, = ¢, then V' (z;) =0
and V (z) is decreasing for all z # Zz,. Clearly, equation ¥ (z) = 0 has a unique solution in this case as well. This proves the current
lemma for the case when the condition with ¢, > ¢, in part (c) of Proposition 4 holds.

Finally, consider

<u

(z)

- - L — K — —
=G\ (z71) = ¢z = G 2T — (1-678) 16"z + (1= 7B .

Clearly, V (z) and v (z) have the same number of positive solutions. Repeating the above analysis for 1 (2) instead of V (z), we get
that V (z) intersects the horizontal axis once and only once if

This completes the proof the current lemma for the case when part (c) of Proposition 4 holds. []

Lemma 4. Assume that « = 1, ¢,¢, < 1, and any of the conditions (a)-(c) of Proposition 4 holds. Then the economy has a regular
equilibrium only if condition (14) holds.

Proof. As argued in Lemma 3, any solution Z to equation V (z) = 0 will be a solution to the original equation V (x) = 0 only if

I+u (1+u)
ze (o0, ).
unique positive solution Z to equation ¥ (z) = 0. At the same time, regardless of which condition (a)-(c) of Proposition 4 holds, we
have lim,_, V (z) > 0 and lim,_,, V (z) = —co. Thus, we necessarily have that ¥ (z) > 0 for all z < z and V (z) < 0 for all z > Z.
Therefore, in all cases with the unique solution Z to V (z) = 0, we have z € (q&}“‘, &, (H”)) if and only if V/ <¢1+"> >0>V (¢ (H”))
which, after some algebra, gives

In Lemma 3 we have established that if any of the conditions (a)-(c) of Proposition 4 holds, then there is a

— — — — -1
ot + (1-678) dndh < G < [crB ™ + (1= ¢rB) #lho
This is condition (14) in the main text. []

Lemma 5. Assume that « = 1 and ¢, ¢, < 1. Also assume that condition (14) as well as any of the conditions (a)—(c) of Proposition 4
hold. Then the unique regular equilibrium is generically unstable.

Proof. In this lemma we used the notation introduced in Lemma 3.

The proof in Lemma 3 implies that for the unique solution z to V (z) = 0 we have V' (2) < 0if f =0,y =0,y =1, or > 1. In the
case with u < 1, the proof of Lemma 3 implies that V' (2) < 0 if ¢, > &, or if ¢, = ¢, and Z # Z,. If u < 1, ¢, = ¢,, and Z = Z, then
V' (%) = 0. Consider now the case with 4 < 1 and ¢, > ¢,. We have V (z) = -GzV (z7') and so V' (2) = Gz v’ (27') <0, similarly
to the case with u < 1 and ¢, > ¢,. Thus, under any of the conditions (a)-(c) of Proposition 4, we have that generically V' (Z) < 0.

25



K. Kucheryavyy et al. Journal of International Economics 152 (2024) 104008

Next, observe that

dinz _ (+m)(1=¢i¢y)x

dinx (14 ¢x) (¢, +x)
and so z is a decreasing function of x under our assumption that ¢,¢, < 1.
Finally, suppose that condition (14) holds, so that z € (d)l“’, &, (]+")) and there is a corresponding solution ¥ > 0 to V (x) = 0.
We have
av (2
dinz

dV (X) dInx(2)
dlnx dlnz

— —
<(1—€7ﬁ)¢1+C7ﬂ2“">~ :
1 1
where x (z) = <1 —¢zzm> / <ZW —qbl). Given that dInz (%) /dInx < 0 is equivalent to dInx (2) /dInz < 0, we get
v ® _ 1 AV (2) dlnz(%)
— — :
dlnx <I—C7ﬁ)¢l+c7ﬂ2m dinz dlnx

This implies that dV (%) / dInx < 0 if and only if dV (2) / d1nz < 0. Thus, if condition (14) as well as any of the conditions (a)-(c) of
Proposition 4 hold, then the unique regular equilibrium is generically unstable. []

Appendix C. Proof of Proposition 5

In the case with g = 1, expressions for d; and d, collapse to d, = ¢; and d, = ¢,, and function V' (x) becomes

V(x):lnG—aln%;+(l —a)lnx+ (a+p)ln 1(];:_4:1;‘_
We have
/ (I=a)(1+¢yx) (o +x) = (@+p) (1= ¢hy) x
Vix)= .

(1 + ¢1x) (¢2 + x) X
Thus, V' (x) > 0 if and only if W (x) > 0, where

W)= -a) g + [(u+ Dy — (+2a = D] x+ (1 - @) . (1)
Observe that W (x) is a quadratic polynomial in x. Denoting by D the discriminant of equation W (x) = 0, we can write

D=(u+ 17 (1=¢10,) (1 = ¢10r) .

2 — 1
}H_—a. Observe that 0 < <1 for 0 < a < 1. If § < 4/¢p;¢p, < 1, then W (x) > O for all x and so V (x) is an increasing

function of x /flor all x > 0. Then, given that lim,_, V (x) = —oc0 and lim,_,, V (x) = o0, we get that for n < ¢,¢, < 1 function V (x)
intersects the horizontal axis x = 0 once and only once. The corresponding equilibrium is globally stable.

The case with n = \/¢, ¢, is similar to the case with # < /¢, ¢, < 1 with the only difference that V (x) is an increasing function
for all x > 0 except for one x = x* such that V’ (x*) = 0. In this case V (x) also intersects the horizontal axis once and only once.
The corresponding equilibrium is generically globally stable.

Consider the case with 7 > /¢, ¢,. In this case equation W (x) = 0 has two distinct positive solutions

where 5 =

L _wtD(=9i#)=VD Gt (1-did) + VD
T T 2(—we B T

We have that W (x) > 0 for x < x| and x > x;, and W (x) < 0 for xT <x< x;. Thus, function V (x) is increasing for x < x’l‘ and
x> x;, and V (x) is decreasing for x’l‘ <x< x;. Given that lim,_,, V (x) = —o0 and lim,_, V' (x) = oo, we have that if V' (x’l‘) <0or
14 (x;) > 0 then function V (x) intersects the horizontal axis only once, and the corresponding equilibrium is locally stable.

Denote

G (u+ 17+ [ h] ™ . .
hi= 28+ (1 — @)1= (u + a)#te (1= 162 = D) (n-+ o+ D)
G+ 1! [y ]

241 (1 =)' ™ (u + )+

Hta

(’I—¢1¢2+D)l_a (71+¢1¢2—D) s

15}

where

D= \/(1 — 1) (7 — 1),

Then condition V' (x}) < 0 can be written as I'; < 1, while condition V' (x}) > 0 can be written as I, > I.

Ifv (x*f) = 0 then the horizontal axis is tangent to function ¥ (x) at x} and also V' (x) intersects the horizontal axis at some point
% > x| such that V' (%) > 0. Thus, in this case equation V (x) = 0 has two solutions. The equilibrium corresponding to x] is neither
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stable nor unstable, while the equilibrium corresponding to % is locally stable. Similarly, if V' (x;) = 0 then the horizontal axis is
tangent to function V (x) at x5 and also V (x) intersects the horizontal axis at some point ¥ < x} such that ¥/ (%) > 0. In this case
equation V (x) = 0 also has two solutions. The equilibrium corresponding to x; is neither stable nor unstable, while the equilibrium
corresponding to X is locally stable. Observe that condition V' (x’l‘) =0 can be written as I'; = 1, while condition V' (x;) =0 can be
written as I, = 1.

Finally, if V (x”l‘) >0and V (x;) < 0, which can be written as I'| > 1 and I, < 1, then function ¥V (x) intersects the horizontal
axis three times at some points %;, %,, and %; such that %; < x% < %, < x} < %; and V' (%) >0, V' (%,) <0, and V'’ (%;) > 0. Thus,
the equilibria corresponding to X, and X; are locally stable, while the equilibrium corresponding to %, is unstable.

Appendix D. Symmetric case: The highest threshold for u

In Fig. 6 in Appendix D we see that for a € (0, 1) if x > 1 then the pattern of labor allocations is a pitchfork. Here we show why
the threshold for this pattern is necessarily 1 (but we do not formally establish this pattern).
In the symmetric case function V (x) is given by

—1_ 1+ ¢x 1+dx
Vix)=01 a)lnx+;41n< ¢+x>+aln< T+ ),

and its derivative is given by

e (=#)n (=)
x (I+¢x)(p+x) (+dx)d+x)
In the symmetric case, x = 1 is always a solution to V (x) = 0, and there can be two or four more solutions. For each x that solves
V (x) = 0 we also have that x~! solves V' (x) = 0. Since a € (0, 1) we have lim,_ V (x) = —co. This implies that ¥’ (1) < 0 if and
only if there exists exactly one X < 1 solving V (x) = 0. This means that there are exactly three solutions to V (x) = 0 if and only if
V' (1) <0.
We have V'’ (1) < 0 if and only if
S l+¢ 1-2a+d
) l+d

The limit as ¢ — 0 of the right-hand side of the above inequality is 1. Thus, if 4 > 1 then for all large enough trade costs the above
inequality holds. We see in Fig. 6 that for large enough trade costs (¢ close to 0), we have a unique equilibrium for x4 smaller some
threshold and three equilibria for u larger than this threshold. The argument above implies that the only possibility for the value
of this threshold is 1.

V' (x) =

Appendix E. Supplementary data
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jinteco.2024.104008.
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