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This paper extends and unifies previous work on optimal contracts under coun-
tervailing incentives, shedding light in particular on the relation between counter-
vailing incentives and pooling {“inflexible rules”). Our main result is that the nature
of the optimal contract depends crucially on whether the agent’s utility is quasicon-
cave or quasiconvex in the private parameter: the optimal contract is separating in
the former case and it may entail pooling in the latter case. Journal of Economic
Lirerature Classification Number: D82, 1 1995 Academic Press, Inc.

1. INTRODUCTION

Most of the existing principal-agent models with asymmetric informa-
tion are structured so that the agent has a systematic incentive to always
overstate or always understate his private information. Consider, for
instance, the regulation of a firm that has private information about its
constant marginal cost f. In order to secure a higher compensation from
the principal, the firm is tempted to overstate its costs, and this implies a
systematic incentive to overstate the value of 6. In this case, the properties
of the optimal contract (see, for example, Guesnerie and Laffont [6]) are
the following: (i) The firm receives no rents when & is at its upper extreme,
and the firm’s rents are higher for smaller 8. (i) The firm produces less
than the first-best level for all values of the cost except the lowest. (iii)
Under a certain regularity condition, the equilibrium is fully separating.

* We are grateful to Mario Epelbaum, Giuseppe Lopomo, Eric Talley, and seminar par-
ticipants at Stanford University for helpful comments and discussion. We also thank three
anonymous referees for detailed comments. Giovanni Maggi and Andrés Rodriguez-Clare
gratefully acknowledge support from CEPR and the Alfred P. Sloan Foundation. respectively.
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In many situations, however, the agent may have an incentive to either
understate or overstate his private information, depending on its realiza-
tion. Following the regulation example, this situation arises, for instance,
when there is a fixed cost of production K(8) which depends negatively on
the marginal cost  (K'() <0), a case considered by Lewis and Sappington
[9]. This is a plausible case, since a low marginal cost is likely to be
associated with high overhead costs. A similar situation arises when the
agent’s reservation utility v(8) is decreasing in the marginal cost §. This is
likely to happen, as agents with low marginal costs are more prone to have
attractive alternative options. A type-dependent reservation utility appears,
for instance, in Brainard and Martimort [2], Feenstra and Lewis [4],
Lewis and Sappington [10], and Moore [12].

In these situations, the agent is tempted to (i) overstate the fixed cost or
reservation utility, which requires understanding 6, and (ii) overstate the
marginal cost, which requires overstating 6. To use Lewis and Sappington’s
expression, the agent faces “countervailing incentives.”! As Fudenberg and
Tirole [ 5] point out, there are no general results for this class of problems.
In this paper, we attempt a unified analysis of this issue. To focus the dis-
cussion, we state our results for the case in which countervailing incentives
arise because of type-dependent reservation utility, although the results
allow alternative interpretations.

Most of the principal-agent models with countervailing incentives share
the result that the optimal contract involves pooling. Lewis and Sappington
[9, 10] interpret this result as a possible explanation for the prevalence of
“Inflexible rules” in agency contracts. In this paper we will show that in fact
pooling is not a general consequence of countervailing incentives; it
depends critically on the assumption made in all those models that the
reservation utility is a concave function of the marginal cost (¥'(8) < 0).
We show that when 7(#) is strictly convex (¥'(#) > 0), the optimal contract
is fully separating. This result provides an important qualification to
the view that countervailing incentives imply the optimality of inflexible
rules.

We also show that the distortion of production introduced by asym-
metric information and the distribution of the agent’s information rents

! Countervailing incentives can arise also when the contract involves more than one action
to be taken by the agent. For example, the problem of optimal bundling for a monopolist, first
formulated by Adams and Yellen [ 1], involves countervailing incentives whenever the con-
sumer’s willingness to pay is inversely correlated across goods. Another example of counter-
vailing incentives arising in situations where the agent performs multiple actions is the case
of costly state falsification, as in Lacker and Weinberg [7] and Maggi and Rodriguez-Clare

[11].
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depend critically on the shape of (). Our main findings can be sum-
marized as follows?,

1. If #(8) is strictly concave, all types earn positive rents except for a
single interior type. Pooling arises around the type that earns zero rents.
Production is lower than the first-best level for low realizations of # and
higher than the first-best level for high realizations of #. The first-best
production level is implemented at both extremes of the support and at an
intertor type. This is the case studied by Lewis and Sappington [9].

2. If %(#) is linear, the structure of the contract is the same as in case
1, with the difference that a nondegenerate interval of types earn zero rents.

3. If ¥(#) is slightly convex, a nondegenerate interval of types earn
zero rents, and the equilibrium is fully separating. One interesting feature
in this case is that, over the range of types that earn no rents, the pro-
duction level is independent of the distribution of . The distortion of
production 1s qualitatively the same as in the two previous cases.

4. If #(#) is highly convex, we have the unusual result that the agent’s
rents are bell-shaped: rents are highest for an interior type, and the two
extreme types earn zero rents. Only an interior type receives the efficient
contract, and production is distorted at both extremes of the distribution.
Furthermore, the sign of the distortion is opposite to that in cases 1, 2, and
3. The equilibrium is fully separating.

In the light of these results, the case in which the reservation utility is
linear in 0, frequently assumed in the literature (e.g., Brainard and
Martimort [2], Feenstra and Lewis [4], and Lewis and Sappington [10]),
is revealed to be a “knife-edge” case: if () becomes slightly convex, the
pooling vanishes; if % @) becomes slightly concave, the range of types that
earn no rents collapses to a single point.

The shape of ¥4), or, more concretely, whether ¥ @) is concave or con-
vex, depends on the specific outside opportunities the agent faces. For
example, suppose the agent owns some human capital, measured by H,
which can be taken as an index of the agent’s productivity, so that the
marginal cost of production is given by f = 1/H. If the same human capital
is employed in some alternative sector, it will yield returns z(H) =n(1/0) =
v(@). If the returns to M in the alternative sector are not too diminishing,
W () will be convex,® but if these returns are highly diminishing, #(#) will
be concave.

2 The results that follow apply to the case in which the conilicting incentives to lie are
balanced enough, so that the standard procedure (solving the problem imposing the participa-
tion constraint at one extreme only) does not work. If, for example, the incentive to overstate
# dominates the incentive to understate 6 for all 8, the standard techniques and results apply.

3 For example, if n(H) = log(H), then #(#) = —log(H), which is decreasing and convex.
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Although we focus most of our discussion on the case of constant
marginal cost, we also extend our results to a more general cost function.
In this more general case, the optimal contract is separating when the
agent’s “net” utility (i.e., utility in excess of the reservation level) is strictly
quasiconcave in the private parameter, whereas it involves pooling only if
the agent’s net utility is quasiconvex in the private parameter.

The paper is structured as follows: in Section 2 we lay out the basic
model. In Section 3 we give a heuristic discussion of the results. In
Section 4 we derive the results formally. Section 5 concludes.

2. THE MODEL

We consider a situation where a “principal” contracts with an “agent”
to produce a certain amount of some good, ¢, and compensates the
agent with a monetary transfer, y. The cost for the agent of producing g is
given by g, where 6 denotes the agent’s privately observed constant
marginal cost. We also assume that the agent’s utility is linear in income,
so that it is of the form y —fq. The agent also has an outside oppor-
tunity, from which he can derive a utility level #(6): we assume that agents
with higher marginal costs have less attractive outside opportunities,
7'(0) <.

The agent knows his type before signing the contract but the principal
does not. The principal’s uncertainty about & is represented by a (common
knowledge) probability distribution F(#) with associated density function
f(8) strictly positive on the support @ =[46,, 8,]. It is assumed that both
F(0)/f(0) and (F(8)—1)/f(8) are increasing functions of 6.*

The principal designs a contract (to which she can perfectly commit)
to maximize her expected utility in the exchange with the agent. Such
a contract must give all types at least their reservation utility w(#).
We assume that the principal is risk neutral, with a utility func-
tion represented by W{(q)—y, where W{() is increasing and concave
(W' >0, W"<0).3

* These monotonicity conditions are commonly assumed in the literature to ensure that the
equilibrium is fully separating. They were first used together in Champsour and Rochet [3].
If these assumptions are violated, there is usually pooling in the optimal contract. Since here
we are mostly concerned with the relation between pooling and countervailing incentives, to
focus on this aspect we assume that these monotonicity conditions hold. Note that both
monotonicity conditions are satisfied by the uniform distribution, for example.

> We assume that the revenue from production is high enough relative to g6 + v(#) for all
. so that the principal will always induce the agent to produce a strictly positive amount.
This assumption is made to avoid problems of optimal cutoff.
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The Revelation Principle guarantees that there is no loss of generality in
restricting to truthful revelation mechanisms. Therefore the principal’s
problem can be written as

(P)  max E[W(q)—y]

AR L]

s.t. IC: O eargmax{y(0.)—0g(0,)}, for all 0
1

r

PC: Uly(8), q(8), 8)= y((0)— O0g(8) — v(6) =0, for all @,

where 0, is the agent’s report, and IC and PC stand for incentive-com-
patibility constraint and participation constraint, respectively. U(y, ¢, 8) is
the agent’s net utility, that is, the utility he gets in excess of the reservation
level. For future reference, with a slight abuse of notation, we let U(#) =
U(y(0), q(0), 0).

To solve problem P we replace the IC condition with necessary and
sufficient conditions: a local (first-order) condition and a monotonicity
condition, given by the following lemma.

LEMMA 1. Necessary and sufficient conditions for IC are:

(1) dU/dB=U,= —v'(0)— q(0) (local optimality)

(1) (&) nonincreasing (monotonicity).

The proof of Lemma 1 is standard and is omitted.®
In the next section we provide an intuitive discussion of the problem.
The results will be derived formally in Section 4.

3. INFORMAL DISCUSSION OF RESULTS

Condition (i) of Lemma 1, to which we will simply refer to as condition
(1), is crucial to understanding most of our results. To induce truthtelling,
the principal has to provide the agent with “information rents,” U(#), to
compensate for the incentives to misreport §. Condition (i) specifies how
information rents must change with @ for the contract to be incentive com-
patible, or, in other words, it specifies the required slope of U(8) to induce
truthtelling.

To overstate his marginal cost, the agent has an incentive to report a 8
higher than his true 6. The gains from overstating the marginal cost
increase with the level of production ¢. This explains the second term on

¢ See Laffont [8], chapter 10.
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the RHS of condition (i). On the other hand, to overstate his reservation
utility, the agent has an incentive to report a # lower than his true 6, since
v’ < 0. This explains the first term on the RHS of condition (i). Information
rents will be increasing or decreasing in § depending on which of these
incentives dominates.

The existence of information rents leads the principal to distort the level
of production away from the first-best level, which we denote by ¢¥(8) and
is given implicitly by W'(g¥)=6.7 In the standard case, in which v#'(8)=0
for all 8, U(0) is decreasing regardless of the level of ¢g. Therefore, the PC
is satisfied for all types if we set U(8,) = 0. The concern of the principal will
then be to increase the slope of U(0) (make it less negative) by decreasing
q below the full-information level, trading off the savings of information
rents with the costs of the induced distortion. It is a standard result that
the optimal production schedule, which we denote by ¢“(#), is given
mmplicitly by

W'(q\)— 6= FO)f0).

This result carries over to the case where —v'(#) is sufficiently “small”: if
—¥'(8) < g™(0) for all #, then ¢"(0) is the optimal production schedule, just
as when —v'(#)=0 for all §. Also note that since W’(g“(¢)) =0, then
g"(0) < q"(0), with equality only for ),: to reduce information rents, the
principal designs a contract that induces underproduction for all types
except the one with the lowest unit cost.

When —v' is sufficiently high, the dominating incentive is to understate
6 and the slope of U(8), as given by condition (i), will be positive for all
types. Therefore, setting U(#,) = 0 satisfies the PC for all types. In this case,
the concern of the principal will be to decrease the slope of U(8). To do this
she will increase the level of production above the full-information level,
making it more costly for the agent to understate his marginal costs and
decreasing the net incentives to understate #. When the dominating incen-
tive for all types is to understate 6, the optimal production schedule, which
we denote by ¢"(0), is given implicitly by

W'(q™) —0=(F0)—1)/f(8).

More formally, ¢"(#) is optimal when —v'(€) > ¢"(0) for all . In this
case, setting production at ¢g™(#) gives information rents that are increasing
in 8 (U,= —i'(0)—q"(8) > 0). Note that g"'(6) = ¢¥(0) with equality only
for #,: there is overproduction in the optimal contract.

The previous discussion shows that when — ' is sufficiently high or suf-
ficiently low for all ), the incentive to misreport 0 has the same sign for all

" To avoid corner solutions, we asume that W/ (g)— 0 as ¢ > o« and W”’(q) - = as g — 0.
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types. A more interesting situation arises when —v' assumes intermediate
values. Consider first the simplest case, in which the agent’s reservation
utility is linear in & (so that —v’ is constant), and suppose that — v’ inter-
sects ¢"(¢) for an interior 6, as in Fig. 1. Let 6 and 6 be defined implicitly by
— 7' =g~f) and —¥' =q"(h), respectively. In this case, for 6 < 0 we have
—v' <g™(#), and hence, as above,Athe optimal contract involves g(f)=
g~(6). On the other hand, for 0>0 we have —v' >q"™(#), and henge, as
above, the optimal contract involves g¢(8)=g"(#). For 6<0<b, the
optimal contract involves g(8)= —v', so that U'(#)= U,;=0. Since U(H)
is decreasing for 0 <0, constant for f)g()sé, and increasing for 0>(§,
then it is optimal to impose U(f)=0 for 0 in (4, é], as shown in
Fig. 1. All types in [0, #] are assigned the same production level
(pooling) and earn no information rents. This conclusion matches the
results of Feenstra and Lewis [4], Brainard and Martimort [2], and Lewis

and Sappington [10]: all these models correspond to the case where V(@)
is linear.
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FIGURE 2

This discussion should convince the reader that the form of the contract
depends crucially on the shape of the curve v'(8), which determines how
the incentives to misreport ¢ change over the support @. Suppose —v'(8)
is increasing, as in Fig. 2. In this case, the principal cannot keep a whole
interval of types on their reservation utility, because to do so, ¢(8) would
have to equal —v'(8) for a whole interval and this would violate the
monotonicity condition for IC (condition (ii) of Lemma 1). Therefore the
solution has to be “patched” (that is, it has to be smoothed into a
monotonic function in the least costly way), and this leads to pooling,
as in Fig. 2. In this case, all types earn information rents, except for an
interior type. This is the logic behind the result of Lewis and Sapington
[9].

However, this pooling result does not carry over to the case where
—v'(8) is decreasing, because in this case the principal can keep a whole
interval of types on their reservation level without violating the
monotonicity condition. Here two different solutions are possible. If —v'(#)
is decreasing at a slow rate (see Fig. 3), the optimal contract will be
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separating and will assign no information rents for an interval of types, as
in the case of —¥'(0) constant. However, if —v'(8) decreases at a fast rate
(namely, if —7’(#) decreases faster than g% (€)), as in Fig. 4, the structure
of the contract changes dramatically. The incentives to lie reverse sign
relative to the previous case: types close to #, now have an incentive to
understate # and types close to #; have an incentive to overstate 6. The
condition U'(#)= U, implies that rents have to be increasing over the
interval of # where the dominating incentive is to understate ), and vice
versa. The strength of countervailing incentives is highest where
7'(8) crosses q'(f), at which point incentives to overstate and to under-
state are perfectly balanced and the agent has no incentive to lie. As a
consequence, rents will be bell-shaped, reaching a maximum for some inte-
rior type. The production allocation turns out to be separating in this case
as well.

The next section offers a formal derivation of these results and of the
other features of the optimal contract.
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u(e)

FiGure 4

4. FORMAL DERIVATION OF RESULTS

The usual procedure to find the solution for (P) involves replacing the
IC constraint with condition (i) in Lemma 1, assuming that the PC binds
only at one extreme, and then checking that the solution satisfies the PC
for all € and the monotonicity condition given by condition (ii). However,
in our case the sign of U, may change over [6,, 6,]. Therefore, it is
possible that the solution given by the standard procedure violates the PC
for some . For this reason, we have to introduce the PC explicitly in the
optimization problem.

First we solve the problem ignoring condition (ii), and then we check
whether the solution satisfies it. It turns out that condition (ii) is satisfied
as long as v(#) is convex (v” = 0). This is the case we focus on in the next
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subsection. In Section 4.2 we consider the case where v(0) is strictly con-
cave (v” <0), where we have to introduce condition (ii) explicitly in the
optimization problem. For expositional reasons, we assume that v”(#) does
not change sign over @. Relaxing this assumption would complicate the
results without adding new insights.

4.1. W(8) Convex

In this section we solve the principal’s problem, imposing the first-order
condition for incentive compatibility {condition (1) of Lemma 1) and then
checking that the solution we find satisfies also condition (i1) of Lemma 1
to guarantee global incentive compatibility. Letting Vg, 7)= Wig)—
Ogq — v{(0) and substituting the transfer p(} away in the principal’s objec-
tive, the problem we solve in this section is

~fhy
(P1)  max J( [V(g(0), 0)— U0)] f(0)do

glth, U0y Jg,
s.t. U'(0)= —v'(0)—ql0)

Uve =0 for all 0e®.

In this optimization problem, the control variable is ¢, the state variable
is U, the costate variable is g, the Hamiltonian is

H(U, g, u, 0)=[Vig, 0)— U] f10) —pu[v'(0) + q].

and the Lagrangian is
L=H+1U,

where 1 is the multiplier of the constraint U(8) = 0.

To solve this problem, we make use of a set of sufficient conditions due
to Seierstad and Sydsaeter (S-S) [ 13] for an optimal control problem with
pure state constraints. These sufficient conditions allow jumps in the
costate variable. Our strategy will be first to look for a solution with a
continuous costate variable. If none exists, we will allow jumps
in the costate variable and use the restrictions given in S-S for the jump
points.

The first-order condition for the maximization of the Hamiltonian with
respect to g is

Vo(q, 0)=pu(0)/f18). (h
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Since ¥, <0, condition (1) is also sufficient for the maximization of the
Hamiltonian. The other sufficient conditions are

dujdd = —8L/aU = f(#) — (0 {costate equation) (2)
dUO)/dO = —v'(0) —q( (state equation) (3)
uU#)=0, (=0 UO)=0 (complementary slackness) (4)

w0 U(0) =0, p(0,)<0, p(0)U0)=0, u(#,)=0

(transversality conditions).® (5)

Since H(U, q,u,8) is concave in U, if the configuration
(U(0), q18), q(8), (#)) satisfies (1), (2), (3), (4), and (5), it also satisfies
the sufficient conditions for an optimum.

Let §(x, #) denote the value of ¢ that maximizes the Hamiltonian given
u and 8, defined implicitly by (1), and let 4(0) be the solution in u to the
following equation: v'(8)+ §{u, #)=0. A(#) is the value of the costate
variable such that the agent’s utility is constant (U'(0) = U,=0). The slope
of 4(f) 1s crucial in determining the optimal contract. If the PC is to be
binding on a nondegenerate interval, then x(f) must be equal to £(#) on
that interval. From (2) and (4), we have z(8) = f(0) — 4'(8) = 0; thus at an
optimum it must be x'(8) < f(8#). The PC can therefore be binding on a
nondegenerate interval only if 2'(8) < f(0).

Our strategy to solve the problem is to conjecture a solution and verify
that it satisfies the sufficient conditions. The critical part is to construct the
right solution for u(#). Consider the following schedule, illustrated in
Fig. 5:

F(0) if F6)<i8)
u*(0) =< alo) if F6)—1<4a(0)< F(8)

Fay—1 if (O)y<Fo)—1.

For future reference, also define @,, @,, and @, as the subintervals of
© where p*(8) is equal to F(0), 4(0), and F()— 1, respectively.

®In the optimal control problem with pure state constraints studied by S-S, the state
variable is fixed at the initial point and “free” at the final point. In this case, the transversality
condition is u(€,)U(#,) =0, x(#,) = 0. However. in our case, the state variable is free at both
extremes. We can get the sufficient conditions for this case by applying the theory of optimal
control for the case where there can be jumps in the state variables (see Seierstad and
Sydsaeter [ 13, p.194]). This gives us the transversality conditions in (5).
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In order for u*(#) to satisfy the sufficient conditions, we need to check
that 2'(0)< f(0) for Be@, Differentiating the equality 7v'(6)+
4(4(0), ) =0 with respect to  and using (1) gives an expression for j4'(8)
over the interval @,:

$(0) + 04)00
04/0u
—v"(ay f(0) V, (4, 0)+ f1(8) V (4, O)— f(0). (6)

A0)= —

I

(4'(0)— f(8)) may be either positive or negative, depending on the
magnitude of 7”. It can be shown that if v"(#) =0 for all &, then necessarily
A'10)< f(0) for all #e©,.° Therefore, by continuity, the condition is
always satisfied as long as v"(#) is small. When 7"(6) is high enough, on
the other hand, the condition 4'(8) < f(#) for all f € @, is not satisfied and
#*(8) cannot be part of an optimum, in which case a different construction
is required. We will consider these two cases separately in the remainder of
this section. For expositional convenience, we will assume that (i'(0) —
f10)) does not change sign (the generalization just involves partioning the
interval so that this assumption holds in each subinterval). First we focus
on the case where (4'(8) — f(8)) <0, which can be seen as the case where

" is nonnegative and “small.”

4.1.1. % B) slightly convex. In this subsection we derive the solution to
P1 for the case where ji'(6)< f(8) for all e @,, that is, where #(f) is
slightly convex. The following lemma characterizes the costate variable in
this solution. The proof of Lemma 2, together with those of all the lemmas
that follow, is relegated to the Appendix.

LemMma 2. If 2(0)< f(8) for all 8e€@,, a solution to Pl entails
Oy =pu*(0), q(8)=3au*(0), 0), and U'(6)= —v'(8)—g(u*(0), 8), with
U0)=0 for all e @,.

We now verify that §(u*(8), ) satisfies the monotonicity condition (ii)
of Lemma 1. For the intervals &, and &, this follows directly from (1) and
the assumptions on F/f and (F—1)/f. The following lemma states that if
v" >0, this is true also for the interval @,, where g = §(4(8), ).

LEMMA 3. If v"(0) = 6, (d/dO) ¢(j(0), 8) <0, with equality if v"(0)=0.

Lemma 3 guarantees that if ¥"(8) is small the costate variable x*(6) and
the production schedule g(u*(#), ) are optimal for problem (P).

® To see this, impose v"(8) =0 in (6), use (1) and the hazard rate assumptions, and use the
fact that we [F(8)— 1, F(H)].

642 66 1-18
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We now proceed to characterize the utility profile U(#) and the allocation
¢(0) in the optimal contract. In particular, it is interesting to compare the
optimal allocation ¢(#) with the full-information allocation, q*(8).

The following proposition, which follows directly from the previous
lemmas, summarizes the main features of the optimal contract when
2'(0) < f(8) for all e @,, that is, when #(8) 1s slightly convex:

ProposITION 1. Suppose v"(0)=0 for all 6 and ['(0) < f10) for all
0€ @, (v" nonnegative and small). Then:

(1) If there exists a 8* € @ such that i(0*)=0, then

q(0)=q"(0)  for Be{b,, 0% 6,}
g0 <q¥(@)  for O,<6<0*
q(0)>45(8)  for 0*<0<0,.

If 4(6)>0 for all 0 then q(8)<q®(8) for all 6. If (8) <0 for all 6 then
q(0) > q¥(8) for all 0.

(1) The PC is binding for 6€ 0,.

(1i1)  Ifv"(8) > 0 for all G O, the optimal contract is fully separating
(i.e., there is no pooling). If v"(0)=0 for all 8€ ©,, the optimal contract
involves pooling for 6€ @,.

Figure 5 shows the qualitative behavior of u(f#) and U(8) in the case
where u(60) crosses the zero line and compares the optimal allocation ¢(8)
with ¢"(#). An interesting case occurs when ¥,(q, #) and v'(6) are such
that F(8) = 4(6) = F(0)— 1 for all 8, with 4'(8) < f(8) for all H€ @,. In this
case, the optimal contract involves no information rents for all types:
©,=0. Yet in this case the contract specifies the first-best allocation for
only one type (in the interior of @), and the equilibrium is fully separating.

A number of interesting conclusions emerge from this analysis. First, a
whole interval of types receive the same net utility but not the same
production assignment, whereas in Lewis and Sappington [9] an interval
of types produce the same amount but obtain different information rents.
Second, on the interval @, the contract has the interesting feature of being
independent of the distribution f(6): this is because on &, we have
u(8)=j(0), which depends solely on the cost function of the agent, and
hence §(4(#), @) does not depend on f(#}. Third, in principal-agent models
of this kind generally the sign of the production distortion (¢ —¢*) coin-
cides with the sign of the incentive to lie in equilibrium (the sign of Uy).
However, this is not true here: on the interval @, we have U,=0. yet
production is distorted (in either direction) over this interval. This result
will carry over to the case in which #(8) is highiy convex.
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4.1.2. W(0) highly convex. In this subsection we derive the solution to
P1 for the case where 4'(#) > f(6) for all 8 ©,. In this case, the solution
constructed in the previous section cannot be an optimum, and therefore
we must look for a different solution. We conjecture, and later verify, that
in this case the solution involves 7(#) =0 for all 8, so that u'(8) = f(8) for
all 4. This implies that the schedule u(8) is of the form u(8) = F(8)+ p,,
where y, is a constant.

Given this conjecture, all that remains is to choose u,. The optimal value
of u, 1s such that §(F(0) + u,, ) minimizes information rents while satisfy-
ing the PC. First consider the simplest case, in which /(&) does not inter-
sect F(6) or F(6)— 1. In this case, the balance of incentives is unam-
biguous, and it is easy to show that the optimal choice of g, is either —1
or 0. For instance, if £(8) > F(6) for all §, the optimal costate variable is
1(0)=F(0) (4o =0), and the optimal contract has the standard structure,
with the PC binding only at #,, information rents decreasing in 0, and
underproduction. If instead 4(f) intersects either or both F(#) and
F(0) — 1, countervailing incentives are balanced and the optimal value of g,
will lie between — 1 and 0.

To determine the optimal choice for g, in this case, note that since
U(8)y= —v'(0)—q§(u, 8), we have U(8,)= U(0,) + R(u,), where

o o)
Rlpg)=| UOydo=—| [v(0)+G§(uo+ F(0), 0)] do. (7)

Oy Oy

R(u,) is the utility differential between the high type and the low type
that results when the costate variable follows u, + F(8). Note that R(u,) is
an increasing function. If R(0) <0, it is optimal to set g, =0 and U(#,)=0
(as in the standard solution): this will satisfy the transversality condition
and the PC for all 6. If R(—1)>0, on the other hand, the optimum
involves setting u,= —1 and U(f,)=0. The most interesting case is the
one where countervailing incentives are balanced enough, in which case the
schedule R(u,) equals zero for some y, in (—1, 0). In this case, the only
way to satisfy both the transversality conditions and the PC is to set y,
such that R(u,)=0 and U(f,)= U(8,)=0, so that the PC is binding at
both extremes. This is stated formally in Lemma 4, which uses the follow-
ing definition:

0 if R(0)<0
pE={R-'0) if R(—1)<0<R(0)
~1 if R(—1)>0.

LEMMA 4. If 4'(0)> f(8) for O€ @, the solution to Pl entails p(0)=
ug + F0), q(0)=4(ud + F(0), 0), and U'(0)= —v'(60) — §(ud + F(0), 0).
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Lemma 4 refers to the solution to P1, but it is easy to show that given
our assumptions on the distribution of 8, the production schedule in
Lemma 4 is nonincreasing, and therefore we have identified the optimum
for problem P.

The next proposition, which follows immediately from Lemma 4, sum-
marizes the most interesting features of the optimal solution to P when
4'(6)> f(0) for 0e @,. Let 0* be defined implicitly by uf + F(6*)=0 (it 1s
easy to check that #* exists and is unique).

PROPOSITION 2.  Suppose that i'(0) > f(0) for all 0 @, (V" positive and
high). Then:

q(6)=q"(0)  for 0=0*
(1) <q@)>q"(8)  for Oe[b,, 0*[
q(6)<q"(68)  for 0e]0* 0,1

(it) If 68*€ 90, 8,), the PC is binding at both extremes: U(8,)=
U9,)=0. If 0* =0, the PC binds only at 0=6,. If 6* =8,, the PC binds
only at 0=46,.

(1) The optimal contract is fully separating.

The most interesting case is the one where 6* € (6, 6,), shown in Fig. 6.
In this case we have the unusual result that information rents are highest
for an interior 8 and zero for both extremes (U(f,)= U(#,) =0), and that
the efficient allocation is distorted at both the top and the bottom of the
distribution. As we see in Fig. 6, U,= U'(#) is decreasing in # and is zero
for 8*. Hence, the agent has an incentive to understate f for 6 < 8* and to
overstate ¢ for > 6*, in sharp contrast with the case of Proposition 1.
This explains why it is the middle types who obtain the information rents
and why the production distortion is opposite to that of Proposition 1.

4.2. ¥(8) Concave

This case is the one analyzed in Lewis and Sappington [9]. Although
our results coincide with theirs, we report our analysis in this paper
because this case stands in an interesting relation with the cases examined
above, and because we use a different methodology.

In this case we have 4'(0) <0 < f(6) for all # (this can be shown using
the hazard rate assumptions). However, Lemma 3 does not apply and the
production schedule §(;(8), ) is increasing in 8 for 8€ ©,. This implies
that if £(f) crosses either F(8) or F(8)— 1, the procedure used in the pre-
vious section does not yield the optimum and we have to impose the
mononicity condition explicitly in the problem.
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We will treat g as a state variable together with U, and x = dg/dé as the
control variable. The optimization problem now becomes

o)
(P2)  max | [Vig(f). 0)= UO)] f(0)do

x{@). g0}, UL)
s.t. dg/df =x (8)
v)=u, (9)
x(8)<0, U6)=20 for all 6e@®.
The Hamiltonian for this optimal control problem is
H=[Vq, 0)—U] f10)—pulV'(8) + q] + x,
and the Lagrangian is
L=H+1U,

where 4 is the costate variable associated with the state ¢.
The maximization of the Hamiltonian implies

Ax=0, 120, x<0. (10)

The costate equations (which apply only where u(6) and A(8) are differen-
tiable) are

dujdf = —0L{oU = f(8) —1(0) (11)
drjd) = —0Ljog= —(V,(q, 0) f(0) —u(0)), (12)

with
(HU(O)=0, t(0)=0, and UB)=0 for all 0 (13)

and the transversality conditions

MBy)=A(6,)=0 (14)
u(0)U(80) =0, p(65)=0 (15a)
w(8)U8,)=0, u(f;)<0. (15b)

Again, from the sufficient conditions in Seierstad and Sydsaeter [13], we
know that if the configuration (x(8), ¢(8), U(8), u(6), A(8), ©(8)) satisfies
(8)-(15), then (x(8), q(8), U(8)) solves P2. However, there may be no solu-
tion to this problem with a continuous (). In this case, we have to allow
for jumps in u{@). Jumps may occur in u(f) where the state constraint is
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binding (U=0) and dU/dé =0, and such jumps must be downward. That
is, if there is a jump at 6, then

w5 —u(63)>0, (16)

where u(6_) and u(87) are the limits of u(#) as 8 approaches 4, from the
left and the right, respectively.

If the schedule £(8) intersects F(8) or F(0)—1, the solution cannot
involve u(f) = F(8) or F(#) — 1, because either the transversality conditions
or the PC would be violated. Nor can u(8) coincide with z(8) for a whole
interval because the allocation §(A(0), ) violates condition (ii) of
Lemma 1. Therefore there cannot be an interval where the PC is binding.
It turns out that the only way to meet the transversality condition and the
PC is for u(8) to follow F(@) for low (s, to jump down to F(#)—1 at some
interior point, and then to follow F(#)— 1 until 6=20,.

The complete characterization of the optimal solution is given in the
Appendix, in Lemma$5. The following proposition summarizes the
structure of the optimal contract:

PrOPOSITION 3. Suppose v" <0. Then there exist 0,,, 0,, and 0* with
0,<0,and 8* €8, 0,] such that:

(1y If6,<8,, then

q(8)=q"(8) Sor 8e{b,, 6* 6,}
q(0)<q"(6)  for B,<H<H*
q(6)>q"(0) for 6*<6<0,.

If 8,=0,, then either 6,=0,=0,, in which case q(6)>q"(8) for 6<0,
and q(0) =q(8) for 0=6,, or 6,=0,=0,, in which case q(0) <q"(0) for
0> 0y and q(0)=q"(8) for 6=10,.

(i) The PC is binding only at 0.
(i) g(0)=gq* for all 0 in [6,, 0,].

Proposition 3 reproduces the results of Lewis and Sappington [9]; there-

fore we refer the reader to their paper for an extensive interpretation of the

results. Figure 7 illustrates the optimal contract in the case v” <0 and
0,<8,<0,<0,.

4.3. Extension to More General Utility Functions

In this section we extend the analysis in two ways. First, we derive an
index-free condition (ie., one that is independent of the specific
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FIGURE 7
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parameterization of the technology) for the contract to be fully separating.
Second, we generalize the results to the case where the agent’s utility is
of the more general form y— Clg, 8), with C,>0, C >0, C,>0, and
C,y >0 (this last assumption is the standard single-crossing property).

If we assume that the adjusted welfare is concave in g, that is
(8%/8¢%)( W(q) f(0) — Clq. 0) £(0) —uColg, 0)) <0 for all pe[F(O)—1,
F(8)] and for all f € O, then the analysis extends in an obvious way. The
only amendment that deserves emphasis concerns the occurrence of pool-
ing versus separation. As before, whether the optimal contract is pooling or
separating depends on whether the monotonicity condition ¢'(8) <0 is
satisfied when u = /(). We have

(d/d8) 4(4i(8), 6) = (04/0u) f'(6) + 0¢/00, (17)

where §(u, ) is still given implicitly by (1) but now g, 8)= Wiq) —
Clgq, #) — (8). From the implicit definition of j(#), thatis — C,[ §(&, 8), 6] —
v'(f) =0, we can obtain

(Coa +7"(8))/Cyy + 0G/00

1'(0)= — . (18)
Ao 34/
Plugging (18) into (17), we get

(d/d()) ‘i(li(ﬂ}, ())‘: _(C00+ ﬁll(ﬂ))/cqu- (19)

Now recall that when ¢ = §(4(60), 8) we have U'(8)= —(C,+7v')=0, by
the definition of ji(#). Therefore, the necessary condition to have separation
in the optimal contract is

Coo+ 7" () 1 ¢pyv0>0,
or equivalently
Ugo |y 0 <0 (*)

But condition (*} is equivalent to the condition that the agent’s net utility
is strictly quasiconcave in . If we suppose that U is either strictly
quasiconcave or quasiconvex in # for all 8, we can say that the presence of
countervailing incentives yields pooling only if U is quasiconvex in @, and
implies that the equilibrium is separating if U is strictly quasiconcave in £,

5. CONCLUSION

In this paper we have extended previous work on optimal contracts
under countervailing incentives in the direction of more general utility
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functions for the agent. We have shown that the structure of the optimal
contract, and in particular the occurrence of pooling versus separation,
depends crucially on whether the agent’s net utility is quasiconcave or
quasiconvex in the private parameter. Pooling may obtain only if U is
quasiconvex; separation obtains if U is strictly quasiconcave. Therefore
pooling cannot be considered an intrinsic consequence of the presence of
countervailing incentives.

We also found that if U is quasiconcave, the optimal contract can have
one of two different structures. In one class of cases, information rents are
decreasing for low types, equal to zero for an intermediate interval of types,
and increasing for high types, production being distorted in the same
qualitative way as in Lewis and Sappington [ 10]. In another class of cases,
information rents are bell-shaped, with both extreme types earning no
rents, and production is distorted in the opposite way relative to the Lewis
and Sapington [ 10] solution. Moreover, only an interior type receives the
efficient allocation in this case: the contract entails distortions at both
extremes of the distribution.

APPENDIX

Proof of Lemma 2. The utility profile given in the lemma satisfies the
PC for all 4 since PC is binding for §€ @, and dU/df <0 for 8 @, and
dU/d0 >0 for f#e®,. The sufficient conditions for the optimization
problem are all satisfied by construction. Q.E.D.

Proof of Lemma 3. We have

d§/df = (0¢/00) + (0§/0u)(du/db)

and
v"(8)+ 04/68
‘0 =4(0) = ——— 27
ﬂ( )]()692 /,[(9) an/au
Therefore
dg/do |y, = —V"(0)< 0. Q.ED.

Proof of Lemma 4. First note that 2'(0) > f(0) implies that u,+ F(6)
intersects (@) at most once, say at #” (if there is no intersection, that is, if
[(0) > F(8) or ji(0) < F(#) — 1 for all g, then it is easy to see that u,=0or — 1
as in the traditional case, were information rents are positive except at one
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extreme of the support), and lies above g(6) for 8 <8 and below it for
f>8". Let

0

JO; 1) = — [ [7()+ Qo + Fls), 9)] db.

&
To prove the lemma we first need to show that J(&; u,) is quasiconcave in
0 or equivalently that J"(6; uy) | ;g ) -0 < 0. Note first that J'(6; uo) =0
only when v'(#)+ §(u,+ F(8), 8)=0, which in turn happens only when
o+ F1O)=4(0). Therefore, J'(0; uy) =0 only for 8=86". Quasiconcavity
follows because J'(#; o) is decreasing in # in a neighborhood of .
Necessarily U(8)=J(8; u,) + U(8,), and hence, by quasiconcavity, U(6) =
min{ U(8,), U(8,)) for all 8. Therefore, if both U(8,) and U(8,) are non-
negative the PC is satisfied for all €.
Now consider separately the three cases:

(a) R(0)<0:if we set uo=0 and U(f,)= —R(0)= —J(6,; 0), then
U(8,) 20 and U(#,)=0, so the PC is satisfied for all 8. The transversality
condition {TC) is also satisfied because u(8,) =0 and U(8,)=0.

(b) R(—1)=0: setting p,= —1 and U(#,)=0, then U(fd,)=
JB,; —1)=R(—1)=0, so the PC is satisfied for all 4. The TC is also
satisfied because U(#,) =0 and p(#,) =0.

(c) R(—1)<0<R(0): if we choose g, such that R(u,)=0 and we
set U(B,)=0, then U(68,)=J(0,; o) =R(uy)=0, and hence the PC is
satisfied for all 8. The TC is also satisfied since U(#,)= U(#,)=0. Q.E.D.

LEMMA 5. Assume v"(0) <O for all 8. Then the optimal contract involves

(6)—{F(9) for 0<86,

FOZVRo =1 for 0>0,,

0 Sfor 0¢{6,0,]
nl

—J, [V,(g* s) fis)]ds for 6e[6,.0,]
Op

o) =
Om 8
= L [V,(g* 5) f(s)— Fis)] ds — L [V,(g* 5 fis)— (Fls)—1)] ds

Jor 0el0,,0,]
G(F#), 8) for 9<(),,
q

Jor Beld,, 0,]
G(F(B)y—1, 8) SJor 0>80,

U'(G)= —v'(0)—q(8),  with U(H,)=0,
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where g*, 8

. 0,, and 0., satisfy the following conditions:
=0 if 0,=0,
V(0L +g* < =0 if 0,€(0,,0,) (Al)
<0 if 0,=0,

O 8,

J, " DVila*. 0) fO) = FOYYdb + | " [V,(q* 0) f10)— (FLO)~ 1)] dO =0

O

(A2)
=0 if 0,>0,

* _ ;

V(g% 0,) f(0,) F“’"’{>o ooy A%
=0 if 0, ,<0

Vila*, ()q)f(()q)—F<()q)+l{>O Z oo (A3b)
= ¢ =y

Proof of Lemma 5. We first show that a solution (¢*, 6,, ¢,, 8,,) to
conditions (Al)-(A3) exists. We do this by construction. Assume first that
either 6,> 6, or 8,<6,. Without loss of generality, assume 6,>@,. Then
from (A3) we get g*(6,) (which exists by the assumption in footnote 7) and
#,(6,) (which can be shown to exist). Using this in (A2) we get 0,,(6,),
which can be shown to exist. Let &(x)=7(6,(x))+ g*(x). It is easy to
verify that &(x) is decreasing in x. Then let

0, if &0, <0
0 =<&7N0)  if E(0,)>0 and &(0,) <0
0, if £(0,)=0.

If 0¥>0, then 0,=0F, q*=qg*(0y), 0,=0,0%), and 0,=0,(0y). If
0¥ =0,, then in the solution we have 6,= 60, Next assume that §,<4,.
With the same procedure we find a value 0F. If 0} <8,, then 0} gives the
complete solution. However, if 6} =, we now have #,=0, or 6,=0,. We
still have to determine ¢* and . First fix 0. From (A2) we get ¢*(0,,)
(with necessarily exists by the assumption in footnote 7) and plugging into
(Al) we get an equation in ¢, which gives the solution for #_,. ¢* is
obtained from the function g*(4,,).

Now it is easy to verify that the solution proposed in Lemma 5 satisfies
the sufficient conditions (9)—(15). Q.ED.
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